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A. Covermg Spaces

recall when we computed T (') we vsed the mep
prR =5

t 2 (cos 2Tt S0 2T+)
the key facts abeut p were
path /rﬁhh/q: 3:kn ¥:f01]— 5" tew for cach
xep(¥6), 4 N (GUe ¥ Lo ]2 R
&t ?;/o):’)( anol F"?x =Y
homotopy m%/q: givea @ homotopy H:(o,]xle]—>S :

e, for each rxef"{H(0,0)),j wnigue
ﬂ;:fa, lJX[O,Ij——ﬁ//? S.t H;/O«O):X 0@0/

N~

pe He=H

fo prove fhese properfies we vsed Hat:
§2AVE with A aud B open
&’
P-l(A): {/ ,41. , P-r /B) - 5 Bl' s
1=-¢°

1=-p2
) A, &, ace opev w K
2) A, are of'lj'jb:}/;'f (same o, B, s )
3) , ‘A. 9 A aund / "87--'98 are
Pla, Flg howonorphiine
7ewemflél}/w thes we haye:
y[vem a fopo/?zwf soace X

a covering spac€ of X is a Fa{/ [X,p) where X s a
V4 [4




o 0/ r(;éJ space Q40/
P 4 & Y—aX

15 @ Confwiuous mayp (called a covesing map ) sucl that

VXeX, %e/e 1'5 ad opt?:/l Szj’f (/C X Con'z‘mv'lmy x
st p(v)={U ]

L’oleT

where the U are opeu, pairwise Jisjout sets m X
and P/t/- P U ¢ a homeomo/phzkm

(U is Cc://er/{ an ewﬂn"y covered 56'6)

examp les
) p: R — 3" C/eﬁ/'ék’ a covermg map

2) Fu $— s o rone can easily be seent f» be a coyer

P
(o (O
4

3) P, /K7'~a T2=Slx5’ where P s frowr 1)
(x,y) 2 (p00,p(y)

-2
can easc'/y be cheched R j;
to be a ooue/t/i/ map Y

more generally _
oxercise: of PX'-S\(--—PX a0l Fr’Y—’r are colleru*y mags,
then show  play) = (RGP, ) is a lvsr ity wap
p Xx§f = Xc'r
fepea'ﬁry ﬁeprom[s we gar for p R—>s' [TRE . § ans/ 10)
we geft



Th®1 (path iy ):

F p X=X isa wwerr‘vy map
Yifo.]J—= X rs a/oa-p% andd
x € p~'( ¥(o)
then 4 v ue Sfr :[0,1\7——35( svch that
Yxfo)zX and f°ﬁ= .4

Th®2 [vam‘op’y /ncﬁhj)i

’;L P ’)\(’")X 5 a wu\?/('ry map,
H’fof’JXCOIIJ—ax a homotopy, and
¢ p'(H(00)
f/rew gc/m ve /7 (o.t]x[o,1]— X svch that
q /00) x and IDOH H

/QMmag-' :
et p! X=X be a c;oue/u}/w wiop with X conpected

13[ Ja pofh'f' % eX with //"[xo)lzf(’,ﬂfe”
} I[X)l k V'xé)(

lp~'6)| s colled the dg/ee of the wve/u?y space
Froot: let AzEixeX st [p']= k5
A+ sme % €A
_Q/g_l_aj: A s opeA
1deed of x€A tthen let U be an euen/}/ covered
opent set cortainmg X

pr(v) = f%‘ixel’



La'f ({(/’P-l/'x)zi fomi" Vo(

w T=101,., k3

0 //)"(y)/=k, Vy e/

~ A s open

Clacin: A (s closedd

Sl lar argument exerc (se

§/l4‘C€ X 15 6011/)667%0/ /(=X (I-emmaﬂ—. lo)ﬁ

/eMMa ¢:

+hen
15 Mjaﬁée,

&

pi X—X a (,ove//hj map, x, 65\(/, Xe= PU6)

o, T %) T (Xx)

Moreorer; f73 € Pr (7’7[)?:??,»

the /1'7[1" mc Y fo « Pa'(’/l éa;eo/
% G a éop ta X

Poof: [¥] € T(XF)

[ Crtont patf

50/0f05€ Dy ((¥])=¢e 7€ pe Y = %,
S50 4 AOMO?‘D/Y H /e (Jx(o, 11X
x

77
s ,/H/
/7 /

po¥

Xo

homa‘f’b/y /l#‘hﬂj 64}/5 3 I:{V [o,lJ x;o,ljd)/(v

ot fHlo.0):=¥X

o~

audl P°/‘/ =



note: pelfise)=po¥ 5o H(s50) is o lFF oF po)
sturtmy at %, 50 & G ¥
s H(s0)=¥()
also Hlo€) € p7'(x,)
o Hloe)= % e
sm%i/afly 6= Y+ and l?’(s,/):z s

1€, X,
/ ' R Y= X
AT/ A
1/ s Iv]ee

=

and py i fnjé(‘ﬁ[/e
now, F [77_]6 Pr [Wf(’)\(j{c:)) Heen 3[V] GWI’{TK)
st p,[[Y])=E“/J e ¥ =7
let ?’éea /1#047 .57‘3/7‘7:4/ at
by homofv/)/ /17‘6;7 Y= 47“' vel and ponts
éou{"{alao,a 50?"’4 [oolﬁfbo
b 738 pu (T (KRN then the It 7 of 7
based ot % cont be a lep smce At ot were
thea IH1€ T (T %) and 97 = (7)) %ﬁ

We/czgéi [7’/7[)(, X.) ¢ F¥(7[(')?; Q;))] = 0{?/62 of [?,’P)

Hint: Show there (s @ bijection trom riht cosets F
t TR to pic)



ﬂ/mm,p/%:

1) p: ﬂ - SI
P T(R) — 7/,-(5/) no vzotl-fni/(&/ /oop 4 5’ /,f,z.j “
us a /aop i R

(
{e} 2
ofe}:ree-'—M:ZZ: et
2) /9,,’ 5(-—651:9{-—9@.@-

(Pn),,:’ﬂ,'/S') — T, (s') 50 Im (Io")x P
s s
Z Z  AgreezuzlzinZ]
w w

mil—2 nm 100'9!;\ 5l In[ﬁ-hbaéaop t‘)%c
(F °'7o€5 aroand * S' a
mu/ﬁ‘ple o 1 fimes

nr N

pote: T (X) = F,  qenemted by & bl b= F



50 [Maye (p.) =42, 107: baé—’> =6
G has ndex 2 in (K %) EF, /
Note Yank weat up I

%) tousider L,

le ts fad a o(ey,rea 2 cover (there ae acéuwefy

‘ a /ok)
tonsler

o </ v

cu{‘
3 PO x
P L" svur ﬁnce >
m;ongn%
y/ue boundasces

define f be

exestise:
) Show this (s a 2- fold Couﬁfl;/w may Z,—2Z%,

2) Work out im (ps)

3) Ex/zmcinen{— con;/rucﬁn/ other tovers of ofher ;u/'fch
e.9. Zao—= L, by an n-t bld covey for nz2



let P X =X be a Coveriny mag with POE) =%,

FfrY—X be a contrrnwous map such that Fly)= X

a bt ofF F 6 X 5« Contumuous map f/ r— X

st. Fla):% odd pofrf

j, P
Y*——9 X
The5( //-Fﬁ;f; crr'('eﬂo/l>=

erax a wyert;/y rap, /0/5%:)=X0
FiY oK a tonbswous map S -F(yé)=?(o
assuwe U (s path connected anol

(o¢o /[y /6”4! Connected
e J a lHf f’?/"’)( of F

£(T () € P (T(RE)
n{’ 12/?4’/'5'{3 1+ ;5 um?ue

&

a space 1'5 loca/(;/ ,am% comqea‘ed l}£ for ever )4 /O(hé ox and

open set U coutawming i, there s an open set v
such that x eV U and V (s path connected

(%famgé :

(3% 10.d) v(folx[o0.]) v (fo,dx fo})
/;xc‘[' comected et wot-
/o(_aﬂy path Counected

a// manné/o(s Gre [oca/[r /aﬂp Cwmea[eo/



IDI’OO')[’ =) F ¥ %/5345/ Faen c/ea///
fo (3 (0w)= puof (T2 ) € o (1% %),

&) peed v cotstract £ ¥—=> K
jciren ‘yé?j, Jet er'fo,!}-—ai’ éea/dafé s#
}/},/0); y, p Yy(l):y (vse /a% tonmected)

f"b’\/ 5 o path m X from x:Flg) w -F()/)
[F -F«Y to a ,am% 3’\/ 19 ’)\(/ 5-,5/7‘;,;,7 at %
defme: Fly)= Y{l)
F s well "0/514478/ the a/ea//y PoF(y) Fly/
so F is a 4+ o‘F'F
fo sce f ls wc//—/ewfw‘nea// /et D’Y, be_anotte,
fa't‘" f;“am Y, oy
note: ?ﬂ,*fy ¥ a Zoo/ i ¥ based of v,
50 [77*7:/]677«’[7.5/,) A
&Sy

&2

and 4 L%y x5, 3= [Fox)»(Foy)] e T (x )

by assumption LX) «(foy!)] € p, (T (% %)
fob/ lewma ¢ 6c,\[ ) (fo D’y) It4s @ a /aola
—_——— —

o X based af K (oX)(FX)
can easily check by um7veuegs of [ that

'ﬂug 106/9 74 @7 fafy’l/lif 57‘orfmj of




/\’ 3
so + 5 well-detiied _
the lost Mm&7 we neeof toclo (s see £ ¢ Corfinueds.

this 15 move wwlved (aqd vses local comnecﬁ'uciy)
vou can find a proof w Hatche,, bat the Seq (5

guen vel', q an open fe{*v(./ >d com‘awi}vy
)/ and OpEN set Vl/l )( Ko/n“a{h(-/]/

Fly) svch tat- Fl, = p| o f
v\f/
confiyuple 5
f/ S‘c’
e

(@D =m0 4

}'Z_‘/{" ?H)el/l Q Suméce % of f‘e”"/fj
A; 970, then ?C{‘ Coue/(my qu,g
pr R — Z,
PR —

Tho¢:
If g2l and n22, they any
£ §" — Zj
is homotopic to vhe tonstant map!

KeCa//l Yuis Las vsed 1 the Pmo')c of TH2IL.¢

Fﬂ’_yp’j[uem 1C, o/ea.//y £ o(mis))=fe}e /’g(ﬁ.(ﬂ%"))

éo‘F Irffs fo a mop ;LV S IR2 R
by Th™5

lover W—Ij map
aboue



bt 8" xto, 3>
(pct ) — t£p)

Ff(/,o)-‘f Longtan

Hpun)= £

set H=pe H:Con]xfo,1]— Zj

s Is a hﬂm{'vﬂy Fom the constont may 1o Fﬁ

We saw haf for every Koue/:'m/a ,O-')’(v—?X, there is a
svbgroup G =pe (T(K)) of T (X&)

for most Yaces, “here (s a Conyerse /

Fact:
let X be pm% Wnnedtfo/

locally path connected

seri -loca //9/ 5/"5/0'/7 conne ctedd

Then VG<777(X,x,) there s a c,gu-e/lhy space
piX 2K such that p, (T(E%)=6

a fﬂQCQ )( /'{ fz?ml’—/aca/{y 5/ao;ﬂ/ly 50/414667‘6&{ /7['
V'xé)(, q o~ open set UeX such tbat xel aud

7;; : -ﬁl (U/x) — 7’7[)(, Ko)
13 the triveal map, where 1: (> X /s icdvsion

fact: manfolds and CW/ complexes are sem1'~[06a/(/v
5/;'4/0/}/ Lonn ected.

&Yamg/ez @ 5 pnot



We will not prove #his, but the dea for G=(€3<T(X) &

/e-k %: fpa{%s IN X 57‘27/'741;!7 at Xo}/rv
here Yoy F they ore [/'OIM'O'fU/tC-
vel end pownts

set pe X =X : [¥xI1— ¥0)
you tan pat a fo,oo{ofy on X so this I3
the oesired Cm/efii'\j space

8. Sd’odq/‘ou,ﬁﬁ

wé vse (,o(refr‘n/o spaces fo sho o
ﬂ&7(/%é/$€m’5¢/|fe[er)i

‘ ony suéf/oa/ of a free groug (s free

We need some (emmas

/6MMO{ g'-

‘ let X be ajfa,ﬂb‘,%en U (X) is tree

M’ we Can asseme X (s Cconnected
it X has only one verter, yhen X G a wesbe of civcles
s0 trom Section Ul we kRnou (X) ﬁf&f/b@ﬂ

F X hos more than one veNex, then there is aq
64(72 e 1 K counectiig dictuict vertiies

e
CA 'n)



CL‘/I%&'(': I'f X is a Clﬂ/ COM/D/%’,O/W/A (s a
contractible sublomplex, vhea 4 = X

vxerase: try to pove i i abore s¥uation
o0 Kb =X and TKE T (Xe)
but e ¢ q /O/Q/ol: with one less veatew

thos we can ndactoely Aid a 7/4,dh Uwitlh ove
veriex thot (§ &omoﬁ;a}/ e7wi/cz/emf o X

.. done ﬁ

lemma Ci —
['F X 55 a‘?/‘afli 0:40! IAX")X 5 Q coveflm7 5/062(@

7

then X (s o ffaph

More jgne./a/{ ) Loverings of CU/ complexes are
% oomp/x%\/ej
Sketch of Froo:
P(x) is a discrete sef-of pounts X
0-shele ton 7 this will be X
each 66(76, e of X & a pa#f so o ld6 o X

the union of oll | of"a/(ea(;ze; will be
e ea(725 of ,)?

f0 make this rGorous we need to s@e how fo

uah‘ac& ”60(7@5 to e vertiies
bt hopeﬁc/ly i 15 lir‘fuz'f‘u'/afy Uear 7



Proof of Th*7:
jwém a 7§'ee f"/b"/o F,,, o “ jene/'a‘fbfj

fet W/ = weo(;ae, ot n-codes
50 T (W) 5 F,
?w'e-r/\ any G<LF, & W:(&/ﬂ),j a 60(/8/1;47 space

P X =K o or [njecﬁi/n’y
cch thar T (X) = p (WEK)=6
now/ leMMa 9 5ay5 Y 1'5 a 7/~a,oh
Cmél '/%1/5 éy /emmq 57, i U?) (s Q 'F/eefraulo
LG ois a ﬁe&yfoup V4

lots of othe, ﬂzw‘,/ag you Can pgrove aboat Grouds
US/hy fvpa/of}/ , &9.
T0= (0( Koroshh 5:/6'/4/05(’0 Th Z’)
let H be < svbgroup of a free podect 4 %8
Ther H = (*, H, ) *F where
H, i g &OMJcha}e ofa §dé7mup S A or B
and F is a free group

égr‘ &
ao lt/‘rdecoMp@saé/e Wéjmup 07[' a frce p/bo‘?urf 65

BOMO//?LH(‘, e’ # or wnﬁzéed i a Caﬂ\/(:‘{/pﬁe 07[
0 foctor




lor |2

i two nor-trivl elewents of @ free prodect (opguate,
then ey are erthe, pwers of a 5//;/6 elemen”

or are kvfé tortavied w a COM\/'l,nyff_cq[ G ﬁcz‘ar

Cor (3

I‘1( tvo Q[EM&MA} 0‘[ o 74%& y/aap Lomm Lte then 'fﬁé//

are powe/s o'F Qa 5:;1713 6[8&1/16#17(‘

Lor ILf"
| The_ center of a nan-trndd free produst (¢ trual




