
THI Covering Spaces

A. Covering Spaces

recall
,

when we computed Tff s
') we used the map

p : IR → s
'

t 1-7 ( cos 2 It
,

sci 2ft )

the key facts about p were

path lifting . given 8 : so
.

13 → s
'

,
then for each

x e p
- ' trio) )

,
I unique J× : ( o

,
I ?→ IR

St
. 7×10) = X and poke = Y

homotopy lifting given a homotopy H : Co , Dx C o
, D → S

'

then for each x E p
- ' I H 10.01 )

,
I unique

HI :[ o
, 13×10 ,

I ] → IR s .
t

.
It

,

lo
,

o ) = x and

pot ×
= H

to prove these properties we used that :

s
'

= Au B with A and B open

P
- ' LA ) = F.fi , p

- '
I B)

'

= IV.yBi sit
.

1) An
, Bj are open in IR

4 A ; are disjoint I same for Bi 's )

3) plan :Ai → A and p 1B

,

:B
;

→ B are

homeomorphisms
generalizingthis we have :

given a topological space X

a covering space of X is a pair I Ip)where I is a



topological space and

p , I → X

is a continuous map I called a covering map ) such that

Hx e X
, there is an open set U c X containing x

set
. p

- ' I u ) = { U }
& L E I

where the Ui are open , pairwise disjoint sets in I

and ply.

: Vi  → V is a homeomorphism

I U is called an evenly covered set )

examples :

, ) p
: IR → s

'

is clearly a covering map

2) Pn : s
'

→ s
'

: f t no can easily be seen to be a cover

✓
2

#
P3

"
→

x. Eu,xD U¥.

3

, ) pi IR
'

→ T2 = S
'

x s
'

where p is from I )

( x
, y ) t I pix )

, ply ) )

::::" ::::;:::
'

more generally
exercise it p× : I → X andPy : F → Y are covering maps ,

then show play ) = (pxlxl , Pym ) is a covering map

p : Ix I → Xx Y

repeating the proofs we gave for p : IR → s
' I Th ' I

.
8 and 10 )

weget



That I path lifting ) :

it p
: I → X is a covering map

8 : Co . D → X is a path and

X E p
- ' ( Tco ) )

then I unique I : fo , D → I such that

Fx Co ) = X and poJ×= 8

Th 721 Homotopy lifting ) .

it p
: I → X is a covering map

H : lo . I ] x fo ,
i ] → X a

homotopy
,

and

X e p
- ' C H 10,0 ) )

then 3 unique HI : Co .
I ] x Co .

it → I such that

HI to
.

o ) - x and potty = H

lemma 3 :

let p : I → X be a covering map
with X connected

it I a point xo EX with I p
- ' Holt = k

, then

I p
- ' Cx) f- k

,

the E X

Ip
- ' hell is called the degree of the covering space

roof : let A = { x EX set
.

I p
- ' Cx ) t k }

A  ¥0 since Xo E A

claim: A is open

indeed it x EA
,

then let U be an evenly covered

open set containing x

p
- ' W ) -

- { Val
LEI



but Van p
- ' he) = I point Fa

: . I = { I
, . . .

,
k }

so Ip
- ' Cy) I = k

,
Vy e U

: . A is open

Clarin : A is closed .

similar argument exercise

since X is connected A  = X ( lemma I
.

10)
#

lemma 4 '

p : I → X a covering map , ToEX , xo= pcxd
then

p* : Til I E) → IT
, IX. % )

is injective
Moreover ,

[ HE p * ( IT ( EH)

⇐

the lift of V to a path based

at Io is a loop in I

-
nProof I 8) E IT ( X

,Xo ) I
constant path

Suppose p *
( Cry ) = e re

. por = Xo

so I homotopy It :C o
.

Dxco
.

D → X

Xo

s 't
.

' 'H' I
Xo I

, , y
Xo

pot

homotopy lifting says I II : Co
. 1) x So , if → I

at
.

HT 0.01=5
.

and po IF = H



note: pottIs
,

o ) = pot soIt Is.
o ) is a lift of por

starting at To ,
so it is 6

:
.

HIS
,

o ) = 8cg )

also HTo
,

t t e p
- i

( %) ← points with

discretetopology

so
TtCo

.tl = To Ft

similarly II hit) -
- tohtt and HTS

,
D -

- To Fs

i.e
.

I
.

go
Iif I y .

is a homotopy 8=5
.

'
I l I

.

.

.
[ r ] - e

r

and p* is injective
now

,
it (7) e P* IT, II. E )) then IN ] E Till

, E )

St
. 10*483) = Cy) re

. po 8=9

let 5 be a lift of Y starting at I

by homotopy lifting 8=5 rel end points

but 8 a loop so 2T a loop too

it 173 & p * I Th II. E ) )
,

then the lift Eof y

based at Io can 't be a loop since if it were

then 153 E  Th II
,

E ) and C 73 =p * ( CET) *
Etf

exercise . [ IT
, IX. xd :p * ⇐ I I

,
] = degree of CKp )

t index of subgroup

Hint
. Show there is a bisection from right co sets of

P * IT, II. IN to p
- ' lxo )



examples .

1) p : IR → s
'

p* : IT
, I R ) → IT

, ( s
' ) no non - trivial loop in S

'

lifts to

" lls a loop in IR
I e } Zt

degree =p -

- [ Z :{e3 ]
2) pn : s

'
→ s

'
: at > no

(Pa )
*

: Tl
,

Is '

) → TiI s
' ) so mi (pm) *

= n E
" S 115

Z Zt degree -

-

n = [ Z : n # ]
"

mi - n
"m loop in s

'

lift to a loop off
it "

goes around
"

S
'

a

multiple of a times

①

÷±"be ,
a

3) X =

Is o
' Isi=x

exercise : this is a covering map

note : IT
,

II ) = I generated by 5,5*52,5*5*5



so image I p* ) -

- La ,
b? bats

- '

> = G

Ghas index 2 in a
, IX. xo ) = Fa !

note rank went up
!

4) consider Ez
let's find a degree 2 cover ( there are actually

a lot )
consider

toUn t

! cut

:
ii ÷::÷.

-for each component
glue boundaries

define p to be

exercise .

it show this is a 2 - fold covering map Ez → Ez

2) Work out im I p * )

3) Experiment constructing other covers of other surfaces

e. g . En → I
, by an a - I fold cover for n 22



let
p

: I → X be a covering map with ptxo ) = Xo

f : Y -7 X be a continuous map such that fly .
I = Xo

a lift off to I is a continuous map F : Y → I

set
.

I 1%1=5 and p of =f

~
~

¥.

.
.-7

X

o I p
'

f
Y → x

Th ' 5 ( lifting criterion ) .

p : I → X a covering map , p CE ) = Xo

f : Y → X a continuous map St
. fly ok Xo

assume Y is path connected and

locally path connected
c-  -

me

Then F a lift I : Y → X of f

⇐

f
*

I Ti, IT, yo ) ) E p * ( T.LI
,

I ))

it E exists it is unique

a space is locally path connected if for every point x and

open set U containing it
,

there is an open set V

such that x ell a U and V is path connected

example . iii.
 fun} x so .D) u I Io ) x Lo . D) u I Co .

Dx 103 )

path connected but not

locally path connected

not : all manifolds are locally path connected



Proof ⇐ ) it I exists
,

then clearly
f-

*
th 14yd ) =P * off ( Kil Y

, yo )) E p * ITICK
,

⇐ ) need to construct I : Y -7 I

given YET ,
let Vy i so

,
13 → Y be a path sit .

Tyto ) -

- Yo , Vy C D=  y I use path conuecced )

fo Ty is a path in X from E- f I yo ) to fly )

lift for,
to a pathFy in I starting at XT

define : Fly ) = Fy Ii )

it I is well - defined
,

the clearly potty ) - fly I

so I is a lift off

to see I is well - defined
,

let 8
y

'

be another

path from yo to y

note : Ty * I , is a loop in Y based at yo

so cry * IDEA 1440 )

I p

, f for
,

'"
→

Y f- ok
,

and f
* Cry * Ty ] =

Kfor)
't Fry ' ) ] c- IT, IX. xo )

by assumption [ Hory) *LIT; ) ) c- p * IT
, II. Io )I

so by lemma 4 Hory) * Hot ) lifts to a loop
-

in IT based at Xo : Hory) * Hot;)
can easily check by uniqueness of lifts that

this loop is #y ) * Fry'D lift starting at

Try lil



so I is well - defined

the last thing we need to do is see I is continuous
.

this is more involved ( and uses local connectivity )

you can find a proof in Hatcher
,

but the idea is :

given y EY
,

I anopen set U c Y containing

y and open set V in I containing
Fly ) such that Flu = pl ;

'

of
-

continuous

E) e

I p

f-
→

x
L#

Fact : given a surface Eg of genus g

it g > o
,

then F a covering map

p : IR
'

→ Eg
( for g > I

,
this uses

' '

hyperbolic geometry
" )

Tha 6 .

If g z I and n 22
,

then any
f : s

"
→ Eg

is home topic to the constant map !

Recall
,

this was used in the proof of The VI. 6

Proof : given f
, clearly f

*
IT , 1st) -

- le 3 c p * I Th l MY)

so f lifts to a map I : s
"

→ 1122
t

covering map

by Th m 5
above



let IF : s
"

x Co
, D → 1122

( pit ) 1-7 t Itp )

ftp.o ) = constant

Elp , D= I

set H  = po IT : Io , Dx Eo , D → Eg
this is a homotopy from the constant mapto f

,L#

We saw that for every covering p : I → X
,

there is a

subgroup G -

- p * I IT LIE ) ) of IT
,

IX. xo )

For most spaces ,
there is a converse !

Fact :

let X be path connected

locally pathconnected

semi - locally simply connected
2-

- 2-

Then tf G < IT
, IX. xd there is a covering space

p : I → X such that p *
kick

,
To ) ) -

- G

a space X is semi - locally simply connected it

A x C- X
,

3 an open set U CX such that x EU and

I
*

'
- Tl

,
W

, x ) → Tl
, IX. xo)

is the trivial map ,
where a : U → x is inclusion

Fact . main folds and CW complexes are semi - locally
simply connected

.

example :

⑧ is not



We will not prove this
,

but the ideafor G - Ee } still ) is

let I = { paths in X starting at Xo } In
here Try it they are home topic

rel end points

set p
: I → X : ⑥ to 8h )

you can put a topology on I so this is

the desired covering space

B. Subgroups
we use covering spaces to show

THAT C Nielsen - Schreier ) :

any subgroup of a free group is free

We need some lemmas

lemma 8 .

let X be a graph ,
then Th CX) is free

Proof . we can assume X is connected

if X has only one vertex
, then X is a wedge of circles

so from Section VI we know Tf l X ) free group

it X has more than one vertex
,

then there is an

edge e in X connecting distract vertices

⇒EE



c W Fact . if X is a CW complex,
and A is a

contractible sub complex ,
then XIA = X

exercise . try to prove this in above situation

so Me = X and Tf l X ) I IT
,

I Me )
,

but He is a graph with one less vertex

thus we can inductively find a graph Y with one

vertex that is homotopy equivalent to X

:
.

done EH

lemma 9 .

If X is a graph and p :X → X is a covering space

then I is a graph

more generally, coverings of CW complexes are

CW complexes
Sketch of Proof :

p
-  ' I X

'd ) is a discrete set of points in I
→

o - skeleton - this will be F ' "

each edge e of X is a path so it lifts to I

the union of all lifts of all edges will be

the edges of I

to make this rigorous we need to see how to

"

attach
"

edges to the vertices

but hopefully this is intuitively clear
L#



Proof of The 7 :

given a free group Fu on n generators
let Wa -

- wedge of n - circles

so IT I Wa ) E Fn

given any 6 L Fn = IT CWa )
,

I a covering space

p : I → X
← by injecting

suchthat IT
, II ) =p *

hi HT) - G

now lemma 9 says I is a graph
and thus by lemma 8

,
T.LI ) is a free group

:
. G is a free group L#

lots of other things you can prove about groups

usingtopology , e.g .

The IOC Kuro sh Subgroup Th " )

let H be a subgroup of a free product A * B

Then H = I *
, Ha ) * F where

H
, is a conjugate of a subgroup of A or B

and F is a free group

↳ r If . f
G mile composable it G -

- A  * B ⇒ A  or B trivial
group

an in decomposable subgroup of a free product is

isomorphic to It or contained in a conjugate of
a factor



Cor 12

If two non - trivial elements of a free product commute
,

then they are either powers of a single element

or are both contained in a conjugate of a factor

Cor 13 .

If two elements of a free group commute ,
then they

are powers of a single element

Cor 14

The center of a non - trivial free product is trivial


