
Section I : Constructions

A. Branched Covers

a map p : M → N is a branched cover if I a submanifold B c N

such that

Plym
. pyo ,

:(M - p
-  '

CB) ) -7 LN- B ) is a covering map

and

for each x E p
-  '

1B) there are coo din ants about x  and put in which

p has the form pin
-

2x ¢ → Nn
-

2x E

I y , Z ) 1-7 ly,
Zk ) some k

and B and p
- ' (B) are IR

"  -

2×103 in
'

these coordinates

B is called the branch locus

example . p
-  '

1B)

"
- oyn.t.e.vn#rotate by Tl

Eg

I p

5 Arty . B

2) Given any manifold X
,

then pxid : -2g XX → s
'

x X is a branched

Cover . eg T ' is a branched cover of 5×5 '

lemma Iilet p : M → N be a branched cover of compact manifolds
with compact branch locus B

suppose i ) N has a symplectic form Wn

2) B is a symplectic submanifold of (N
, Wn )

Then I a symplectic form Wm on M such that

[ Wnt f 't

[ on ] E H' I Mix ) and

wm= f *

q away from nbhd of p
- '(B)

Moreover
, um is well - defined upto isotopy

Proof . f
*

war is a closed 2- form and non - degenerate away from p
-  ' l B )

in particular ,
it Kj- her dpx c Tx M for x e B then Kx is an N - bundle

and w is only degenerate on Kx



it x is any exact 2- form that is non - degenerate and positive on Kx the p
-  ' 1B)

then for e small enough f *

Out Ex is symplectic

to see such an x exists
,

take a coordinate chart about x Ep
- ' IB )

and put such that p has the form

Mm
-

2x a → IRM -2×6
CYit ) 1-3 Cy,

zh )
Za - 2

let tx-dldxlyl4.CHadv ) where oh
,

is a bump function on IR = I near  x

Yx " " E = I near x

extend ax by 0 off of support of 4×4,

and t = utir

clearly xx has desired property on the support of0×4
now let x be the sum of xx as x ranges over a finite set  of x E o

-  'CB )
such that the supports of ax lover p

-  ' IB )

clearly we have necessary a
.

now u
x is well - defined up to isotopy by Moser 's Th " ( Th " HI .

6 )

since the space of x as above is convex L#

We can use the language of branched covers to extend Elvish berg 's higher
dimensional existence conjecture to 4D .

Conjecture
It M a manifold of d linens coin 4 with

• a class h E IT ( M ) St .huhI
0 and

• a non - degenerate 2- form Wo

Then I an embedded surface I CM such that

. K ] is Poincare dual to Nh for some large N

. there is some branched cover

p : NT → M

with branch locus I

• NTadmits a symplectic structure w s . t
.

i I p
-  ' IE ) symplectic

2) p
't h = I w ]

3) W is homo topic to p
*

Wo through 2 - forms wt

that are non - degenerate

off
of p

-  ' LE )

( maybe non - degenerate for t  * 1)



Research Problem :

Verify conjecture for #
at ,

EP
'

for n > o
.

Verify conjecture for other almost symplectic 4- manifolds
we will discuss later

In dimension 4 we can weaken the notion of branched covers

call p : M
"

-7N
"

a branched cover if for each point x EM we have coordinate

charts about x
and

p txt for which p has the form : G
'

→ a '

Caio ) 1-7 luv )

I u
.

v ) t I U2
,

v ) simple branch point
I u

.
v ) 1- ) I u

3
- UV

,
v ) cusp

exercise .

1) let R = { x EM : dpx not maximal rank )

( for points with 2nd

model
map ,

this is just { a -03

for ones with 3rd  "  " { V =3 u2 ) )

show R is a smooth submanifold of M

2) B =p ( R ) does not have to be a smooth submanifold of N

it has "

cusp points
"

near these points B is locally modeled on {275--42-3} c e
'

3) for a generic p ,
B can also have isolated transverse double points

a) H N has a symplectic structure

Wn
such that the word .

charts expressing p in model above pulls back the standard

complex structure on 62 to one compatible with w
µ

Then M has a canonical I upto isotopy ) symplectic structure

agreeing with p
'twaroff of R

.

(M ,
w ) is called a symplectic branched cover over l N

, Wr )
M

I need to distinguish from 1st def "

by context )

Tha ( Auroux ) :

any compact symplectic 4 - manifold ( M ,w ) is a

symplectic branched cover of (GM
, Wes )

Remark : We discuss a proof later
.

Au roux has a way to construct invariants of CM, w ) from this Th "

(maybe discuss later )



B Symplectic Cuts and blowups

let CM, w ) be a symplectic manifold

suppose we have a Hamiltonian circle action on 1M, u )

recall this means F H : M -7112 set .
the flow of its Hamiltonian

vector field Xt
,

( recall 4µW
-

- DH ) generates an S
'

action : S
'

x M → M

I recall flow tangent to level sets )
let c be a regular value of H and assume the S

'
- action on It

-  '

Cd is free

now consider II : M x 6  → IR : (p ,
z ) t Hip ) - It ZR

A
-  '

Cc
)

exercise

, ,

I
-  '

to -
- LH

'  '

lie . xD x s
' ] u H

-  '
la

is It we give Mx E the symplectic structure

wt dxndy
then the Hamiltonian vector field of It is Xµ

t y Zx - YI
,

Show the action is free andIt
'  '

lays ,
= H

-  '

C cc , xD u H
-  ' (c)Is ,

so this is a smooth symplectic manifold ( this is the same argument
as we did for Epn )

and H
-  '

Cells , and It
- ' I Cc , a) are symplectic submanifold

Hint : lo : H
- Hard ) → It-  'K) n IM x to , d ) is a symplectic embedding and

× t I x
, HAFT ) transverse to S

'
- action

Remark So we can put a smooth and symplectic structure on E
s

E
It

-  ' l K ' % action on 2
° £

I v

I
this is called the positive symplectic cut of M at c z e

n
g

z S

We can similarly consider It : M x E → IN : I p , H t Htp ) t I

IH
S §

to get a symplectic structure on It
-  '

U - x. oh /s
'

action  on 2

this is the negative symplectic cut

⇒



exercise

with notation as above note H
-  ' la is a principal S

'
- bundle ( i.e .

UH )

so H
-  '

( c ) has a Chern class c
,

C H
-  '

Cd )

H
-  '

(c)1st is a co - dimension 2 submanifold of the positive cut

so its normal bundle ifhas structure group
Ucl )

Show C
, htt

= c
, ( It

-  ' KD

similarly H
-  " "1st has normal bundle v

.
in the negative cut

Show c. I v
.

I = - C
,

I It
- ' Ccs)

example :

Consider M = E
"

and Hl x ) = - thx IT

let N be the negative symplectic cut at c -
- ' la ( so 11×11--1 )

z  n

he
.

N =
H

"

'
D) I Sl action on It

-  '

Ci )
=D Is '

- action on 2

a BY
, = Gp

" "

(by definition ! )note .

exercise . N = GP
"

( we see EP
"

- EP
"  - '

=  in 't B
"

c E "

symplectic ally )

note . Cutting at other c still give Gp
"

but with

scaled
u

.

Now let N
'

be the positive symplectic cut

SO N
'

=

E
"

-

in 't B
"

/ s
'

action on 2

topologically we have a diffeomorphism E
"

- 63 → a
"

- fol
Z 1-3 ytzpt

this is orientation reversing so we see

N E  - EP
"

- { pt }

and there is a symplectic structure on it !

let Cmu) be any symplectic manifold

and U CM be a Darboux chart Sympleomorphic to an open ball in E
"

we can perform the above construction on a ball in U to get a

symplectic structure on M # C- GP
" ) this is called the

symplectic blowup of M



Remark .

c) a standard abuse of notation is to write this M # Tcp"

even though conjugating the complex structure does not

always reverse the orientation

2) The smooth type of the blowup is well - defined
,

but the

actual symplectic structure depends on the size of the

ball used

note . Suppose we have a bunch of 2 - dimensional symplectic

submanifolds of M intersecting in a point p sit
.

I Darboux chart about p set
. surfaces go to complex

Ilines in E
"

① Darboux chart

S
, Sr n

k

when we blow up we take a ball B
"

c a
"

④the submanifolds all A 2B
"

in s
'

orbits
s

so in the blow up these become s
, so

'

disjoint points in Epa
- '

2.e
.

S
, disjoint in M # Ep" # epn

- I

( at least p removed form intersection ) s
, Sr s

,

Now given a symplectic manifold ( M "

,
w )

it there is an embedding of @pn-fxwr.s ) in (m
"

,
u )

such that the normal bundle has Euler number - I

then GP
"  - ' has a neighborhood symplectomorphic to the

EP
" '

in the positive symplectic cut above ( Cor II. 4)

thus M
"

- EP
" ' has a proper embedding of in

-

t BY
, e- list BY

so we can glue in ( int BYE
e , wstd ) to get a new

symplectic manifold (m
'

, w
' ) called the symplectic blow down

of Ep
"  - I

in M
.



C
.

Normal Sums

Here is an interesting topological construction

let f. fi : Nh → m
" be 2 embeddings with disjoint images

let Vi be the normal bundle of f. IN )

this is an IR
" - h

- bundle over N

suppose there is an orientation reversing bundle map

Y : v
,

→ V
,

bundle isomorphism

so there are nbhds Ni of f. C N ) difteo to disk bundles in Vi

exercise Show 4 induces an orientation reversing diffeomorphism

from 2N
,

to 2N
,

I still call it 4)

let #NM = M - Hulk )hey
this is called the normal sum of M along A IN ) and fz LN)

it M= Mi UM
,

and fin ) C My .
then we write M

,
#

n
Mz

note . If N -

- Ipt )
,

then M , #nM ,
= M

, # M
,

the ordinary connect sum !

so M
,

#
n Mz in general is like an N - parametric connect sum

exercise : If fi . N
" - Z

- M
"

are 2 embeddings

then V
,

orientation reversing diffeomorphic to Va

⇒

C
, ly ) = - C

,
( Vz )

Tha 2 I Gompf )

Suppose fi : ( N
, Wn ) ↳ CM , um )

,
net , 2

, are codimension 2 symplectic

embeddings withdisjointimages

Assume c
,

CV
, ) = - C

,
I vz )

For any choice of

orientation
reversing bundle isomorphism

4 : u
,

→ Vz

thenormal
sum # NM has a symplectic

structure w such that outside of the gluing locus

w agrees with win



exercise Prove this if v
,

trivial
Why does this only work for codimension 2 ?

Hint . s
"

admits symplectic structure # n -
- 2

the proof is another application of symplectic cuts

let S
'

→ p

a
fm

be a principal S
'

- bundle

¢
elf of s

'

given x E P we get a map 8× :C - E
, E) → Pitts x. e

't

let Rix) = Kilo ) this is a vector at x

and R is a vector field on P

note flow of R is the S
'
- action I

exercise

1) 3 a I - form a on P such that al R ) = I

Lpx = o

x called a connection I - form

2) Lp da = O and Lp da = O Hint . check 2nd formula on R and

=P

herd

to
show this chip lies 3 o E TIM )

ws such that Ti
't

w = daEe§

5¥
, 3

+
w is called the curvature of a simple case of Chera -

↳

fo
t Weil

is
3) show - [ why ] is in H

'

IM ; E ) and elp ) = - 1%+3
←

Euler class

now suppose w is a symplectic form on M
"

and consider
IR x P and Wp = IT

't w t d ( rx ) = IT
't

wt drnxt rdx

tr

note .

up
" "

= f htt ) drna n⇐*w )
"

t r I other terms )



let v
, . . .

Van
be linearly independent in herd at some pt  X

clearly ←
da isomorphism Kera

to TM

⇐* u )
"

C v
.

.  - Ku ) = WHY - - . koku ) to

so
drain # w )

"

( Fr
, Rio . . . . Van ) F o

: . for r sufficiency small ( say r E C- c. c ) )

@PT
"

( Fr
, Rio . . . . Van ) * O

.
: Wp non - degenerate !

Ze
.

a symplectic form on I - E
,

a xp

let H : loins ) xp → IR be projection

so d H -

- dr and so the Hamiltonian vector field is Xµ= - R

generates I minus ) s
'

- action

now H
- '

C o ) =p

so It
 ' toys,

I M and induced form is w

and positive symplectic cut of IR xp at O is an IR
'

- bundle over M

with a symplectic structure and
'  '

Euler class
"

e I P )
H a ( I

moreover
,

( M
,

w ) embeds as zero section

similarly negative cut of Rx P at O is an IR
'

- bundle over M

with a symplectic structure and
'  '

Euler class
"

- e I P )
H a ( I

moreover
,

( M
,

w ) embeds as zero section

Proof of Tha 2

given the embeddings fi : IN
, Wv ) → I M , um ) from theoremletV

,
be their normal bundles and P be units

'
- bundle in

Vzlet Wp = IT
*

Wnt okra ) on C - E
. E) xp as above

let C =  I symplectic cut of C- E. e) xp at 0
.

It

and 2-
± ,

the embedding of CN, un ) in
Cti



from Cor II. 4 t
,

IN) has a neighborhood U±
,

symplectomorphic to

a nbhd of 2-
⇐ni in C

⇐ji

by shrinking C can assume C
⇐ ni is symplectomorphic

to nbhd U i of f
,

IN )
⇐ I )

note : U
* ,

- f IN) symplectomorphic to to , E) xp

Ue
, ,

- f
,

( N ) " " L - E
,

O ) xp

so we can glue Nl - HCN) utz CN )) and I - e. a xp

to get a symplectic sir on #NM

"÷÷÷÷.÷
M

#
n M ME

Cor 3 lbompf ) :

let G be any finitely presented group
Then there is a closed symplectic

2n - manifold ( n±2 ) M with Tl ( MIE G

Remark : There are strong restrictions on the fundamental groups of

Killer manifolds
, eg we already saw b

,
must be even

So this result shows there are many more symplectic manifolds

than Kii hier
.

Proof :

We construct a symplectic
' 4 - manifold M then Mx5x

. . .
x 5

will realize G in any dimension 2h
,

n 22
.

let G = L g ,
. . . gnlr , . . . re )

let I be a surface of genus h



a

:÷÷:
" " "

generators of H
, IEh ) x . a

,
a ,

note THR )kp
, . . . pay

is the free group generated by a
, . . . an

( connected to common base pt ! )

let 8
,

be an immersed curve in Eh realizing ri in above quotient
I where a

;
are substituted forgj inre )

also let Vee ,
= pi for 2=1 - - . k

so Til her
, . . . seen

= G

Claim We can find a surface I and curves 8
, . . . Tm such that

% K )Ky
, . . . rmy

=G and I closed I - form p on -2

that restricts to a volume form on each Vi

assuming this for now we build our manifold

start with 2- XT
' with a product symplectic form w

let a ,p be curves " T

It be angular word on a

so do closed I - form on T2

note F = 8
,

x a is Lagrangian Hi

but it we set y = IT
,

*

p n

Tide
( where t

,
are proj to It and 2nd

factors )
then w t t y is symplectic for small t

moreover I now symplectic !

note We can perturb the Ti to be embedded and symplectic
indeed Text = ⇐xp ) x a

and we can clearly Co - small perturb 8
,

x I end in Exp
to be embedded : when crossing these curves with

x we get a torus C close to original Ti I still call T )

since being symplectic an open condition the new Ty
still symplectic



exercise normal bundles to all T; trivial

Fact in Elm - GP
'

#
g

Ep '

F an embedded symplectic torus T with

trivial normal bundle and IT,
L Ell ) - T ) = 113

now Ty l Text ) =
 IT

, (E) x q it ) ( maybe prove later

T
gen by a ,p

but well - known fact )

Van Kampen 's Th '

says TXT
'

#
T

,

EU )

← p

has fundamental group
Tik ) ④ Mr

. )

( note : IT
, ( 2 ( Ext

'
- nbhd LI )) = Z '

gen by

4,8
, ,

meridian )

so it we let X = Ext
'

norm  all summed a copy
of EH ) for each Ti

and an El ) for HHT
,

we see IT
,

I X ) E 6 and X symplectic !

so we are done once we verify claim exercise . think about

base point
Proof of Claim

.

for homological reasons our original N - . . The ' n Th

might not have such a p so we start by modifying our surface

we can assume 8
,

intersect transversely so we get a graph T C Eh

-

now consider T -

-

axe adpda%e9.EE
and a disk D about

for each edge e of r connect
Pt  on 8

sum T '

as follows

⇒ ⇒ e

let I be Eh # all these tori and 8
,

now be old Ji

( # with r in T2 's ) and the a and p from T 's'

clearly
we

still have Til kg
,

>
I G



but also each edge in new graph r has a segment in a T
2

( on a
, for r )

we now construct p

first note T
'

has a closed I - form X that has positive
integral on 4. p . 8 and is O on D

f-

copy.

'
→ o

'

( a. p ) 1-7 Ltp

let X = (gof)
*

do

now let po
be the I - form on -2 that equals X on

all T
'

and 0 elsewhere

note Se Po
> o tf edges in r

I - forms  on s
'

are thus for each Tj ,
I a volume form Oz . set

. for each e in Vi
g do so

Se Oi - Se Po
" "

Year r so 2 functions fi on Vi sit.

df
,

-
- Q -

Po and f

is 0 at each vertex of r

fi define a function on
r that extends to F : -2 → IR

now p = pot d F is the desired form
L#


