
VII Almost Complex Geometry

A. Donaldson 's Results

The first result we would like to prove is

That I Donaldson ) :

If (Mid is a closed symplectic manifold with

Fates E H'C m ; # I

then for large k
,

there is a codimension 2

symplectic submanifold I set
.

IT ] -

- Poincare dual of Edw )

Moreover
,

M - I is a Weinstein manifold

Remarks .

This theorem gives a good way to try and

see if a given manifold is symplectic or not .

More specifically ,
th I

says any symplectic 2n - manifold

breaks into 2

pieces
:

① a symplectic D
'

- bundle over a En-4 - manifold

② a Weinstein manifold

non - existence .

eg . Does GP2 have an exotic smooth Structure that supports
a symplectic structure ( "

Symplectic Poincare conjecture
" )

It X homeomorphic co GP
'

and X admits a symplectic structure

w
, then X -

- A u B where

A-  = D
'

- bundle over a surface and

B = Weinstein manifold

note : l ) 2A concave
-

- JB convex

y topology of B leg. homology) is somewhat

determined by genus
of A and EP

'



does S
'

- bundle 2A with given contact structure

have anappropriate Weinstein filling ?

eg it A is D
'

- bundle over a surface 2- set
.

[ E ] generator
of H

,
cap y

then one can use fact that c
, cul -

- ⇒
y

to see E = 5 ( use
"

adjunction formula
" ) sect # F

in this case 2A = s
'

and unique choice for B

So X = Ep
' I Gromov

similarly if 523=2 E Hd EP
') then 2-1=44,1 ) ←

↳ us

Y}
choices for B and only one

space

McDuff
has right homology so X = Gp2

what about for other -2 ?

existence : Can you inductively prove 2n - manifold
with almost symplectic structure has

symplectic structure ?

Tha C Pancholi ) :

If X
"

a manifold of dimension 24
in Tel case previously

a e H' L X ; E)
proven by Freedman

then z an oriented submanifold M
" "

and Kato - Matu Moto
set . 1) [ MI = Poincare Dual of L

z ) X - M admits a Morse function
with no critical points
> n

so if X
"

is a manifold with a non - degenerate
2 form Woand a class he H' ( X ) s

.
t

.
h

"

to

then the above gives M Poincare dual to h

St .
X - M has handles of index E n



so if n > 2
,

then Wo can be deformed into a symplectic
Str on X - M

coming
from a Stein str

.

ifWo In non - degenerate we could hope to

inductively show M has a symplectic structure

( note : h pulled back to Msatisfies h
" - '

* o )

now a nbhd A of M has a symplectic structure

and B - X - A has one ( it is Stein )

so existence comes down to

① Enhance Pancholi 's result to get cool
µ

non - degen
② show one can arrange contact structures

on 2A and 2B to match up

③ Find a base case !

Ie.g. say simply connect d 6 - manifolds

then try for Siniply connected 8 - manifolds

by enhancing Pancholi 's th '
so M is

simply connected if X is )

Tha 2 l Donaldson ) .

(M .
o ) a symplectic manifold

suppose 103 E H'palm) is an integral class

For sufficiently large integers K there is a topological
Lefschetz pencil on M whose fibers are symplecte
and homologous to the Poincare dual of k I w )

Remark . In Sections I E - F we already discussed using
this theorem to study symplectic manifolds



THE 3 ( Auroux ) :

any compact symplectic 4 - manifold I M ,w ) is a

symplectic branched cover of (GR
,west

All these theorems are proven by finding sections of line

bundles
,

so we begin by studying complex line bundles
.

more specifically , given a line bundle

a → L

I,
IT

M

it o : M → L a section that is transverse to the

zero section Z
,

then o
-  '

( Z ) is a codimension

2 submanifold of M !

so to prove That I we just need to find the right
line bundle and the right section

similarly we will see for That 2 we just need to

find 2 sections and for Th '
3

,

3 sections

B Complex line bundles

We consider complex line bundles over a manifold

E → L

ITM

from Section II. D we know that it IUa } an open cover of

M such that 3 bundle isomorphisms
q

To
-  'C y ) → y x a

TX
Lpr

Ua



then we have

olaoolj
'

: HrUs ) x E → (Varys ) x Q

( x
,

r ) 1-7 I x , gqslxlv )

where gap
: Van Up → E

*
= E - { 03 are the transition

functions and they satisfy
94×1×1=1

-  I

9ns = go a

gap 09ps
= gas

moreover
, given a cover IUa } and Igap } satisfying the equations

I a line bundle realizing this data

When are 2 bundles L
,

L '
the same ?

we say L is isomorphic to L ' if F a bundle map

L -47 L
'

that is an isomorphism
IT

'
on each fiber

M

it Land L
'

given by transition functions Igap ) and Igie )

( note we can always assume cooee
{ ud ) same for

both L and L
' )

then 4 gives us

old
Vax E ← Ti

- '
wa ) # t't

'

( y ) Vax a

-
( x

, v ) 1-7 C x
, Xd x ) lv ) )

where Xa : U
,

→ a
*

exercise . D Show gjp = Xa ga ,
X-p

'

⑦

2) Show 2 line bundles L
,

L
'

are isomorphic



it their thesis lion functions are related

by ④

now given 2 line bundles L and L
'

given by transition functions

{gap ) and Igig } I note we can always assume cover

{ ud ) same for both L and L
' )

we define their tensor product L ④ L
'

to be the

bundle with transition functions I gap
. gjp }

we also define the inverse of L
,

denoted L
'

, to be

the bundle associated to { gj's }

exercise the set Line l M ) of isomorphism classes of complex
line bundles is an abelian group with respect

to the operation ④
.

example Consider GP
'

GP
'

= Eu Ex } set 4=6 and Ups EP
'

- to )

the map gja : Van Up → E *: Z t Z
"

defines a line bundle L
"

let L =L
'

note L
"

= L ④ L . . . ④ L = L④ "

In times

exercise . Line C EP
' ) = z

note If L -1M has local trivializations { Ola : Tl
- 'CUa ) → Vax a }

with transition maps Igap } then a section s : M -7L

gives functions VastTi
- ' ly ) ¥4x4 a and the

÷
I sa ) satisfy gas so = Sh on Varys



moreover any collection of functions sa : Va -7 a satisfying
this relation gives a section

re
.

" sections are twisted functions on M
"

in particular ,
it sit : M -7 L are 2 sections then

it s to
,

t
Is : M -7 E is a function

.

We now want to talk about differentiating sections of a line

bundle
,

for this we introduce connections

a connection on a line bundle L over M is a linear map

T : PCL ) → P ( T 't
M ④ L )

satisfying
y If ④ s ) = df  ④ s + f Ts V f E IM )

,

SET 14

so givin v E HIM ) we write Tv : Pk ) → PIL ) : six s ) as

and think of this as a directional derivative

example .
it L -

- Mx a so Pll ) -

- c- ( M ) then for
any p c- R' Cm )

PIL ) → PIT * M ④ L ) -

- r CT *

M )

f 1-7 off  t f p

is a connection ( later we will see this is all connections

on Mx E )

lemma 4 .

It sit are sections of L that agree near x em
"

connections are

local operators
"

then 7 s Cx ) -

-

Ot
Cx)

Proof . it s = O near x
,

then let f- be a bump function
It

.
f  =L outside support of s an

= O near X .

then T s I x ) = f s ) Cx) = ( df ④ s t f Ps ) Cx ) = O

:
.

if Set in a nbhd of x
,

then Pdx ) = Ot Cx )
L#



note lemma ⇒ given any connection 7 on L and open set UCM

I ! connection T on 4
u

set.

s )to = Pablo )
and T is determined by its restrictions to open sets

lemma 5
.

every line bundle L -7M has a connection and

the set of connections on L is

ALL
) = { Ftp : per

'
In ) }

where 8 °

is any one connection on L
.

Proof to construct a connection let Lola : Ua -1 M ) be a

collection of local trivializations

let Sz : y → L be local frames C re
. non zero sections )

now given any section s : M → L note that

f- a
-

- Sly : Ua → E are functions and

s -

- ta sa on Va

let I Yal be a partition of unity subordinate to {Ua )

set Ts = I Yaffa④ Sa)

exercise check this is a connection
.

now it 70 and T are two connections on L

then note ( T - Oo ) Cfs ) =  f tf - Po ) s

for any f- E CO Cm ) and SE PCL )

exercise show this ⇒ ④- 8

Tls
) ex ) only depends on sext

and this ⇒ I a I - form B St
.

- fo ) s =p ④ S

¥7



now if s : U
,

-7 L is a local non zero section

then Ts Er I T*M ④ L )

exercise . I I - form

Aa
E Ily ) St

.

Ts = Aa

④
S

lie
. AE 7% )

so for any t : Ua -7L
,

there is some function
f : Va → G set

.

t  = f s so

f t  = Ffs = If ④ S t f A ④ S
x

i. in the frame s
,

the connection is (d t Aa )

it s
'

: Ud -7 L is another nonzero section then F non - zero

f : Va-76set
.

S
'

= f s

it in the frame s we have 7 =D t Aa and

" '  ' S
'

u " D= dt Aj
then

AL④ s
-

- P s
'

= Ffs -

- df ④ S t f Fs

= df ④ If S
'

t f Aa ④ tf s
'

= ( Idf  t Aa) ④ s
'

:
. A

a
= Aa t tf df

w

note this is ddn f ) so closed

so given a cover of M by local trivializations

{ old : IT
- ' IN -744 'd

f constant

let Sa be the section Ua → L given by pj
'

( H '
- section

in tf XE

then a connection 7 gives Aa Er
'

wa ) set
. Tse Aaxos,

and they are related by

④ A
f- Aa t gtapdgap on Van Up



also the lad determine 8

moreover any collection of I - forms { Aye silk ))
satisfying ④ gives a connection on L

.

now given T on L
, let IAN be the associated t forms

node : d Aa -

- d Ap on Van Up

so d At give a global closed 2- formFp ESE I m ) !

Ffis called the curvature of 8

given P : PCL ) → MHM ④ L ) we can extend 7 to

7 : P ( MT 'M ④ L ) → P (Ah "T*m ④ L )

by defining y @④g) = d p ④ St Elk pros

lemma 6 .

, y
'

: PK ) → MATH ④ L ) is tensor with Ey

2) Fy + a
= Fp told C recall any other connection on L

is 8th some a c- R' ( m )

Proof .

1) in a local chart with non - zero section s

PS - A ④ S

and for any section t =f s we have
2

ft -

- T Cdf ④ S t f A ④ S )
= dtdIs- dtrTs t d CfAt ④ S -FANS

= - df n A ④ StCdfrat FDA )If
= DA ④ f s = DA ④

t
2) locally Fp -

- DA and since for 7th the associated 1- form

is Atx we see FA ,
-

-
d #th ) - Fat da

#



suppose In is a Hermitian line bundle
,

recall this means

there is a fiber wise Hermitian inner product 47 : Lxx 4 → E

and is equivalent to transition functions gap : Vano,
→ §

'

a connection 7 on such a bundle is called Hermitian
unit circle in

.

Eif for 2 sections s , , Sz we have

d Is , ,
Sa ) = Hsi

,
Sa ) t 4 s

, ,
Psa )

now given such a connection
,

let s be a local section with length
1

,
then we have the I - form A set.

Ts = A ④ S and we see

4,57=1 so 0 = d l s
, s ) = LOS

,
s ) t 4 s

, Ps ) = L A  ④s
,

s ) t G. A  ④ s )

= LA ④ S
, s ) t ¥5,57 = (A  the ) L s

, s )

= A  th

so the real part of A is O re
.

A c- i R
'

( M )

before we were thinking of A as a complex valued I - form

now this means A  is purely imaginary
exercise . given a Hermitian line bundle L and Hermitian

connection T
,

let UCL ) be the unit norm bundle in L

so Uk ) is an S
'

- bundle

Show I a I - form A on UCL ) Sf
.

for any local

trivialization s : U -7 L by a unit section of L
x a

we have d s -

- A and Aa -

- Sf A
x a



Th " 7 ( Chern - Weil ) :

let L be a Hermitian line bundle over M with

a Hermitian connection T

let s : M -7 L be a section transverse to the

zero section Z

set S -
- s

-  ' I Z I

Then
c

, (c) = Poincare dual Is ]

and for any 2- cycle C transverse to S

i
S . C = IT JcFg = 4,14 , c)

Proof :

for the firstpar
- t recall c

, for complex line bundles

over a surface I

given L over -2
,

let E- I
'

u D2 €0
I ' D2

we can take the structure group of L

to be Uh ) = S
'

( All complex bundles have Hermitian
structure )

LI
q

,
= I

'

x E

when we attach the 2 - cell D2 to E we must

glue 2£
x

E
→ 2 D- xd

by an element n of IT ( Uch ) = #

this element is precisely Ci CL) evaluated on

D2
,

which can be taken to be the generator

of the chain '

group Cz C I ) = E

so ⇐( 4
,CE ] ) = n

the above gluing map can be taken to be



S
'

x E → s
'

xic

( e
't

,
V ) T let

,
dnt v )

so it we take the section s : I
'

→ LIE,

= I
'

xd

x 1-7
,

17

then on 215 we have the section

215=5 '
→ s

'
x a E D2 x E

do t ( do
,

eino )

we can extend s over D
'

by Z to #
,

zh )

exercise . Show s can be perturbed to be transverse

to the zero
section and intersect it n times

counted with sign .

:
. 4,14

,
I -23 ) = # S

-  ' C o )

now for a general In it E CM a surface let

i : I → M be inclusion
,

then

(414,1-23)=(2*94),
KI )

= L c
, (2*4,523)

= intersection # n of a generic
section 4 zero section

but if s : M → L a section trans vers to Z

then this gives a generic section of it

and n = E . s
- ' ( Z )

so L C
,

k )
, [ E ] ) = To 5-

 '

( Z )

ie
.

Is -  ' IZ ) ] is Poincare dual to GCC )



for the second part let

ME { x EM : I sexy z E }

and CE Merc

on Me we have It is a well-defined complex valued I - form

and d (F) = Fp

so Sefo=Kiyo Sefo = limo Sail El = kinos !
when e → o the last integral is supported is a small

nbhd of Cns and each such point is in some

local trivialization of L
,

let s,
bethe trivializing

section near one of these points

exercise . we can choose coordinates on nbhd U so that

5- Z Sa or S = Esa

now 85 = d 't  ④ Sat Z Aa ④ Sa or Ts = DE ④ Sat EAL ④ Sa

and 7% = tzdz  t Aa or 0% = ¥dE t Aa
-

we focus on this one

2-  =  re
't

so DZ  = e
't drtridodo

and tzdt  = Fdr t 2 do

= dclnr ) +7 do

since Aa is a well-defined I - form on U
,

we see

lui
E - so

Sze
,

nutty
= O

:
. limo So

,
?u% = 4%52

,
nudum ) tutor =Loszqiodo

= Ii 'm - 22T = - 224

E → ofnote as Ice or
't is opposite as a desk



so for each positive intersection point of

C n s we get a contributions of - it

to {Fp

similarly for each negative intersection we get it

i

:
.

Cns -

- Fu Sc Fr
et.

Th a 8 .

Given any
2- form w such that EastHTM ; Z)

there is a complex line bundle L → M

and
a Hermitian connection 8 on L such

that
IT Fg = W

re
.

C
, ( L ) = [ w ]

Proof We give 2 proofs
It Proof : exercise

. Given h E H' ( Mitt )
,

-3 cod im 2 - submanifold -2

such that CE ] -

- Poincare '

Dual to h E Hn
-

IM )

Hint : tf ( M '

, # I [ M : EP - 1- homotopy classes of maps
T

Brown representation the

take f : M → EP
-

representing h

can homo top f so conf c Capt"M & f he cap
Met - I

let E- f - I ( aphid - I )

now a nbhd Not E in M is a D
'

- bundle over E and we

can assume structure group
Ucl )

,
he . I a E- bundle

E

IET
such that N = I VEE : Holle 13

let TT = The and set F=  TT *
E this is a complex line

bundle over N



let s : N -7 F : vi-cv.ro )

note s is a section of F and it we restrict s to any

fiber TT- ' I x ) =D
' of N we get the section ZA CEE )

re
.

SFO on 2N
, s AT zero sector

,
and -2=5

'

( zero section )

so s trivializes Flaw I 2N x a

now glue Axe to F along 2 AXE I 2N x E

to get the complex line bundle a → I
and s extends to all of to be

M

non - zero on A

i. s AT zero section and

[ s
- '

( zero section ) ) = (E) = Poincare Dual Cw ]

from Th 77 we know 414 = Coly
2nd Proof :

let God be an open cover of M such that Va and Van U
,

contractible for all x
, f ( re

. good cover from diff
. topology )

we want to construct transition functions {gap : Varys → 6*3

defining a bundle L and {Aa E r
'

Cud } defining a

connection 8 on L set
. IT Fy

-
- w then done by That 7

to this end note do I
y

= o ⇒ I Ya C- si ( Va ) Et
. dy ,

= why
now on Ux AUG we see d IMa - 7,7 o - w = o

so I tap St . dfap -

-

Z
-

Tpon Van Up ng we have

dlfpy - fay t tap ) = 7 - 7 - 7+7 t y - y = o

is r a 8 a p

so 3 constants aapr such that

fer . fast tap a

app



exercise .
Show

,
since IDE H2 ( Mitt )

,
we can choose f St .

all aqyy E It
, faa = O

,
and fap -

.

- fan
Hin 't Not so bad with sheaves

,
but maybe bit

challenging without .

now set gqi e" '
'

He
and Aa =

- Zhi ya

note il ga ?
ta ,

= erxitea.ge .9dB
Lf apt for )

= Eti far
= gag9439g ,

= etui

so Igad satisfy conditions for transition functions
i I a complex line bundle L over it realizing them

2) Ap - Aa = ZITI IYa-Mp) = ZITI d

tapnow gt d g = e
- Kiteziti em

'far If  = ziti If
xp

4
xp xp

so Ap = Aat gtapdgap

:
. I Ad satisfy conditions for a connection T on L

and Fylu
,

= day -

-

- Zhi dy ,
= - Zhi w

so Fr = w

EH


