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Cobordism s

our main goal willbe to study cobordism s

a cobordism W
" "

is an oriented Cnet ) dimensional manifold

and a splitting of its boundary
2W =  f-2

-

W ) u Ht W )
←

reverse

orientation
,

lower boundary
into disjoint components ← upper boundary
we say W is a cobordismfrom 2

-

W to 2x W

①Q
← It W

§W
'

denote : 2
.

W ¥2
+

W

. .
. .

. . - - - -

← 2
-

Wx
Remarks .

 it a cobordism with 2=0
,

is just a manifold
2) a cobordism with 2=0 , is just a manifold 4 boundary
3) can consider cobordism s Yo orientation too

,
then

ig nor the - before 2
.

W

4) notice W is also a cobordism from - Jew to -2
-

W

Q
and - W is a cobordism from -2W to

- Jew

we will also consider generalizations to cobordism of manifolds
with boundary

a cobordism of manifolds with boundary is an oriented Cnet ) manifold

W
" "

whose boundary is written f
technically

2W 2
.

W ) ul- hw)uHw ) a mfd with corners



where , ) 2
.

W n3µ = or

2) 2W is a cobordism from 2
- thin ) to 2+12 vw )

3) 2 ( It W ) = 2+12 ,
w ) and 2 C 2

.
w ) = 2

- Huw )

examples .

"
w

a" t ta' -dimensionalco.bord.im from

+ - + -

2 +
W -

-
I 212 +

W ) =  

;
o

.

2
.

W -

-
T 2 ( 3 -

W ) = ; o

.

2)
→ or

I
,

2+121=0

→ y .

=

2- Hi -

- Q

Remark : if every component of It W and 2
-

W have boundary and

2. ,
W is a product ( re

. 2 ,
W = [ i.

03×212
.

W )) then

W is sometimes called a sutured manifold

( some times allow certain closed components

e.g.
Ga bai 's sutured 3- Mfd s are allowed to have

T
'

components in 2 ,
W )

as a first step to understanding cobordism s we consider

Morse functions

B. Morse functions

let f : W -7 IR be a smooth function

a critical point of f is a point p E W such that dfp : Tp W -7 Tap,
IR

is not surjective
in this case that means dfp = O

image of

notice df :

ht
T

*
w is a section of the cotangent bundle Z  ' IIIT

and p is a critical point df intersects the zero section ¥at p



we say a critical point is non - degenerate it df is transverse

to Z at p ( f th Z at p )

exercise .

1) Show non - degenerate critical points are isolated .

I think what transversal ily means )

2) let p be a critical point of f

Show p is non - degenerate
µ w

⇒
u u

I local coordinates to : U → V ( can assume to co ) =p )

such that the matrix (fI÷z
,;) is non - singular

ex W 3) note at a point ( p.
o ) E Z C T

*

W we have
P

t

ftp.ol#wI=Tp.o,ZtOkerCdx)p.o
,

where a :#ht w

" is projection
Tim

) so we have a map Cp :
ftp.o

, IT *a→ Tp
*

w
on !go.gwetfg-doehn.ee

section ! !
(P '" if p is a critical point of f then define

(d
'f)

p
: TpWxTp W → IR

if youknow
what

CV
,

w ) t Cp @

pldfcv
) )) C w )

connections

are

# -

E Tp M

show
how

to

define

off : W → T *W

d2fp
using

one
and

that
it

is

independent

dp Idf ) : Tp W → Tip
,  o ,

T
't W

CpI dp Idf lot ) ) E Tp
*

M

*wanna:¥7I
at + p . show (d

'f)
p

is a symmetric bilinear form and

P
" "

p is a non - degenerate critical point
⇐

Cd'f)
p

is non -

degenerate



2

Cdt)
p

is called the Hessian also written Hesspf

since it is symmetric and bilinear
, we may choose a

basis in which Cdt)p
is represented by a diagonal

matrix with entries on diagonal I 1

we define the index of p to be the number of -1 's

examples •
2

" :it::::÷: "

•

O

we have the coordinate chart
-

louiD2 → 5 : Cx. y) t C x , y ,
a )

and

toe : D
'

→ 5 : Cx . yl t I x , y ,
- IIe )

note : fo fu ( x. y I =

iffy
" alto oculi .

←
c II'T?go.it

so loco ,
l ) crit

. pt .
off

D= . t
'

I:i
at 10.0 ) get f-to? , ) so index 2

similarly 10.0 ,

- I ) critical point of index O

exercise show no critical points along equator

a) Recall IRP
'

-

-

N
'

- " " " " K where k, y,
a ) - Ctx

, ty ,
tz ) for t  to

Flay
.

H = induces a function f on IRP
'

exercise Show f has 3 critical points
, they are

non - degenerate ,
and have indices 0

,
I

,
2

.



a function f :

↳
IR is called Morse it all its critical points are

non
- degenerate ( re

.
If IT Z ) and on interior of W

one may apply T.de#etIausgaytheorem to establish
t might talk about this later

Thai-

let W be any manifold
then the set of Morse functions is dense in (

with
)

Moreover
,

if C is a closed set on which f- is already Morse

then 3- a Morse function F :#IR that  is e - close

to f and F = f on an open set containing C

there are simpler ways to show any
manifold has a Morse function

but this result makes it easier to find Morse functions that

respect aspects of the manifold .

Example I

If W is a manifold with compact boundary ,
then 3- a Morse function

f : W → IN

Such that fl W ) C Eo
,

x )

o is a regidorvalue of f
,

and

f - '
to ) = 2M

Proof: It is a standard fact that 3-  an embedding

e :(say x 2 w ) → W

such that e 03×2 .
w ) = 2 W and

mile ) is a nbhd of

2W
in W

define f = Toe on e C I oik ) x 2. W ) where

X : ( o
.

c) XI W -7 ( o . C )
and extend f by 42 is projection

over the restof M



IF that is smooth and
agrees

with f

on ECCO , 433×24and is close enough
to f so that I Ip ) s 44 ht

p e e C so
,

433×24
how I Morse on ello

.437×74( no critical pts )

so we may approximate I by a Morse function

F that agrees with I on a nbhd of

ello.

433×24
and is > 44 else where

so 0 is a regular value of I and

F- '

l o ) =3 W
EH

Example 2 .

a cobordism W admits a Morse function f with

f- ( w ) c Lo
.

I ]
,

0,1 regular values
,

and

f
- '

to ) = 2W and f
- '

C I ) =3
+

W

Proof is scimitar to above I exercise )

Example 3 '

a cobordism W of manifolds with boundary where 2W = to . Dx ? W

admits a Morse function f with

f- ( W ) c [ oil ]

Oil regular
"

values
,

f
- '

I o ) - J
-

VV
,

f
- ' Li ) =L +

W
,

and

flaw
: Eo . Dx J

.

W → Eo
.

' ] is projection

Proof similar to above ( exercise )



Example4 :

It E is a submanifold of W
,

then F a Morse function f : W → IR

S.t. ft
-2

is Morse
,

the critical points of ft are critical

points of  I
,

and they have the same index
.

Proof . let I : I → IR be any Morse function

let N E be a tubular neighborhood of -2 in
' W

extend I to I : N → IR byI C p ) =FIT (p)) t I r help

where r : N → Io.
a )

X t distance X to I

T use some metric on
W

now arbitrarily extend I to asmooth function

on
W and then approximate by a Morse Function f

agreeing with I on N

now just compute the critical points in
. N and

their indexC exercise )

Remark One
may also use get transversal ily to show that for

a generic Morse function all the critical points have

distinct values

Fact On a compact manifold W
,

a function f :
WsIR

is
"

stable
"

# f is a Morse function with
critical points having distract values

a function f :

Wt
IR is " stable " if

"

fun choirs near f

are
"

the same
"

as f l upto diffeomorphism )
"

i.e
. I an open set U around t hi C- I w

,
IR )

set
. Vg c- U

, I diffeomorphisms of : w → W and

4 ! IR → IR such that g
= Yo fool


