
exercise
so f. : F  → F is a diffeomorphism of F !

Show I
,

is isotopic to a

"

Dehn twist
"

about 8
"

→ show any diffeomorphism of an oriented surface

is obtained by handle slides

( is it true for non orientable ? )

E
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h - cobordism theorem

the goal of this section is to prove

Tha ( h - cobordism theorem )

It W is

an
n - dimensional cobordism Et .

i ) Tl
, ( w ) = le } = IT

,
to

±
W ) note : hypothesis

equivalent to
4 Hdw , 2- Witt ) -

- O
z±W →

Wkemotopy37 n Z 6 equivalence and

Then WE 2
.
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, I ] it , ( w ) -

- le )

here .

1) Suppose V
"

c W with 2 -
V

"

=3
.

W
"

a) V
"

-7 W
"

is a homotopy equivalence

b) V. Itv ,
2

+
W are simply - connected } ⇒ V = W

c) n Z 6

2) Suppose M
"

a W " is a submanifold with 3M = 0

a) M → W a homotopy equivalence
b) M

,
ow scinply - connected } ⇒ WE dwisinhbzemodseection

c) n - h z 3
,

n ? 6 M



2x W I at V
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-

- 0
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') so V
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snip - Conn
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V → W homotopy equivalence ⇒ H
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'

,
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*
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,
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- O

i .
V

'

- 2. V x to . i ) and VI W
.

4 let V -

- tubular ubhd of M in W

Sai Ce n - k 23
,

JV simply connected

i. by last result VE W
EH

he :

i ) It W
"

is contractible
,

it , low ) -

- o
,

n 26
,

then WED
"

2) If W is a homotopy sphere ,
no

,
then W is diffeomorphic

to 2
,

Dn 's glued together along their boundary
: W is heqhce.to S

"

PoincareConjecture)

Proof .  i ) pt  → W satisfies hypoth of last her

2) TD"

is contractible with Tl
, 127--0 :

.
WI =D

"

exercise .

Show W home
.

to S
" ( Alexanders

'  

Trick )
¢⇒

Remark . D In part 2 it is not always true that W differ to S
"

e.g.
In doin 7 there are 28 non - differ

.

homotopy spheres more generally
n 3 4 5 - 6 7 8 9 10 11

sizeoftgroupot.gg#ziYzsT

homotopy spheres
'

°

2) Proof of Poincare in doin 5 a little harder



suppose
W5 a homotopy sphere

letV = WI

need to see V = D
'

note V X lo ,
I ) I Db and

2K x so . D) = S5

JV=Dx 103 a smooth 54 in 55

Schoen flies th " ( Brown
,

Mazur ) ⇒JV bounds a
135

in 55
.
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Topology of Handle bodies

Recall CW - homology : X a relative CW - complex it it is

←
rider obtained from Y by attaching h - cells

a k - cell is ch
-

- Dk and it is attached to a topological space A

byAuDklfcpynp
, p E 3D

"

and f :3 Dh → A

can attach cells in increasing index

let Xlk! Y U all cells of  index Ek

let Calx,
Y ) = free abekais group gen by h cells of IX. Y)

In :cnlx.tl→ Cn
. .IX.Y)

collapse
ch , → I deg I c

" aint
ch - I j the

" jcn.sn- i in-it
→

Xk- '

Y*⇒=xsh
-

'

→ sh - '

t.is#seorn-
now ftp.CX ,

Y ) =
her Thy

on each cell
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It W is a handle body note by
" collapsing

"

each handle

to its core we get a CV - complex homotopy
equivalent to W

with one h - cell for each h - handle

so C
*

C

wir
.

W ) = free group generated by h - handles h !
,

- . .

,
h !

note : attaching spheres an; of h ! are
Sh - ' '

s

"

belt spheres bh
- '

of htt'
are ga

- h

) j

↳
hk

h - I → #•manifold ④ uh
- '

so in some level between h
,

" "
and h !

they will inter set in points

if we choose or
"

s on all cores
, we get

or
"

s on all co - cores :
.

on these

spheres
so we can let Mkij  = intersection number

.

exercise Show the matrix lmij ) represents 2h

nannies
.
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.

so Hh (F) = { Z k -

- 0,2

Z④Z he -

- I
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¥
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¥
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→ °

so
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aanohafedfeq.sffteand.ge

when we
'  '

push
' '

a

Ch
- i - handle over

.

now

ngookoirehatyyheagppens
if

attaching
spheres of a k - handle

Her "

handle slidinghtt handle over l "

affects the matrix C mi ; )

by adding htt column to l A column



2) Show Hhlw,
a

.

W ) I H
" - k

( w
, a +

W )

( recall
, turning handle body

" upside down "

sends h - handle to u - k handle

what happens to ( mi,
' ) )

We now turn to IT

exercise :

DH
2

.

W is connected ( and no O - handles )

show that adding a

1-handle adds a generator to Th

2 - handle i  ' ' ' relation to Th

k - handle hZ3
,

has no effect on IT
,

2) If Wh - =3
.

W x to
. D U all handles of index Eh

then W is simply connected # We is If2
,

W
,

is

n ? 5 Hint : turn Wz
Proof of h - cobordism the : upside down

Given W as in the is has the structure of a handle body

2
.

W x to
, D u (0-4) 's u

. . .

u ( n - h) 's

from earlier we know we can arrange
for there to be

no O -

handles
and e-handles

=
-

Steph Get rid of all I an Cn-D - handles

we will trade I - handles for 3 - handles

Suppose we want to cancel h
'

on Tt W
,

choose a hoop V that would cancel h
'

it

a 2- handle were attached to it

we can isofop 8 so it is disjoint from the

attaching regions of the 2- handles

so 8 C It Wz

in a ball in 2x We add a cancelling 2
,

3- handle

pair and let 8
' be attaching sphere of 2- handle



we know I
+ Wr is Slimp ly - connected since W is

i. V
'

is isotopic to V

'

- - we can cancel h
'

with
new 2- handle

( but this leaves an extra 3- handle )

continuing we can remove all I - handles and

by turning W upside down we can also

remove all Cn - D - handles Cby adding Cn-3) handled
-

note now that 2
, Wh simply - connected V k

Step 2 . Remove 2- handles

we know Hzlw ,
2

-

W ) = O and since there are no I - handles

we know 22 : Cz → C
, is O -

map

so Hi C
2 / ,  in 2

,

by using column operations ( re
.

handle slides ) we

can arrange g- ft
'

j. :o)
i. for each 2- handle h : I ! 3- handle h

'

i

set
.

the belt sphere b ? of

hi
intersects the

attaching sphere a ? of Wi algebraically onceand
bi .

g
'

so it Hj

if af intersected bi exactlyonce then we could

cancel them

we can arrange this via Whitnytrcch

lemma :
-

let Ah
,

B
" - h

be oriented submanifolds

of an oriented manifold W
"

suppose P
,

Q are transverse intersections

of opposite sign



let 8
,

be path P to Q on A

K i l l I Q to P on B

If k
,

n - h 23
.

and I * I null homo topic in
' W

or h - -2
,

n 25
,

and Tik null homo
. in

We
B

then there is an isotopy of A removing
P & Q I and not adding other intersections )

so it 2, wz , by
I

" " " n - 3=4 - D - I sphere
is simply connected then we can

use the lemma to arrange a } & b ; to intersect

exactly once and we are done !

to see this note 2
, Wzllub ;) =p2W , ( u a s

'

's

2+4=4.

W - ( U s
'

xD
"  - 2)) U U I 5-3×15 )

2+41 U bid - X.

W - fus
'

xD
"  -D 'U I 5-

3

x S
'

x So .
D)

I 2
.

W - ( U l s
'

xD
"  - 7)

= 2
.

W I U ai

but 2
-

W is simply connected and the q 's have

codimension > 2 so done by exercise

exercise : if W simply connected and Mcw has

codcin 23
,

then W - M simply -connected
Step 3 : Successively e thin in

-

ate k =3
, . . . ,

n - 2 handles

just like step 2 but easier I except for h -

- n - 2)

since don't have to worry about cod in 2 problem If

so all handles are cancelled and WE 2
.

W x 10.13
¥7

Idea for Whitney Trick .

given that V. * he is null homo topic 3- a dish f :

DIW

with boundary 8
,

* Ya



since n 25
,

f can be assumed to be an embedding
(embeddings are dense in C- I Mn

,

Xm) it m > rn )

moreover,
it codcin A ,

B > 2
,

then init disjoint from A U B

it codcin 13=2
,

need to assume disk is disjoint from B

how one use D2 to guide an isotopy of A

.
.

let D
'

= I ix. ⇒ I x' tepee
,

xzo }

can find nbhd U of 15×103 in D
'

× IR
"

x IR
" - h - I

and embedding do : U → w set. Mm , off
and to

- '

(A) = U A f .  .  . . in ' lol )

4-
'

I B) = U n ( 2
.

D
'

x lol x IR " - h - ' )

now one can write an explicit isotopy in U
#

F
. Heegaard Splittings of 3 - manifolds

let It = (O - handle ) u g Cl - handles ) set
.

H is oriented
g g

this is called a genus g
handle body

notice that since any embedding of So → S
'

is

isotopic to anyother

←

attaching sphere
of I - handle

and I unique way to
"

frame "

I - handle to get oriented mfd

we see

Hg
only depends on g
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