
since n 25
,

f can be assumed to be an embedding
(embeddings are dense in C- I Mn

,

Xm) it m > rn )

moreover,
it codcin A ,

B > 2
,

then init disjoint from A U B

it codcin 13=2
,

need to assume disk is disjoint from B

how one use D2 to guide an isotopy of A

.
.

let D
'

= I ix. ⇒ I x' epee
,

xzo }

can find nbhd U of D
'

xp ) in D
'

× IR
"

x IR
" - h - I

and embedding do : U → W set.
lol

pyo ,
-

- f

and to
- '

(A) = U A ( 2+15 x Nh - '
x lol )

4-
'

(B) = U n ( 2
.

D
'

x lol x IR " - h - I )

now one can write an explicit isotopy in U
#

F
. Heegaard Splittings of 3 - manifolds

let It = (O - handle ) u g Cl - handles ) set
.

H is oriented
g g

this is called a genus g
handle body

notice that since any embedding of So → s
'

is

isotopic to anyother

← attach rig sphere
of I - handle

and I unique way to
"

frame "

I - handle to get oriented mfd

we see

Hg
only depends on g

. a¥¥



exercise
.

il Show an oriented 3 - mfd M is a handlebody of genus g
⇒

I g disjoint embedded disks D
, , . .

. ,
Da

5. t
.

M I U Di I B
'

2) If I is an oriented surface 42=10
,

then TX to , it is

a handle body .

Given aclosed oriented 3 - manifold M
'

,
it has a handle

decomposition with one O - handle and one 3 - handle

can assume all the I - handles come before 2- handles

let Jc M be 2W
,

note
w

. gean.h.TK#b7tuaaae
,

- h and E genus g Sfc

In similarly W
'

= MI
turned upside down is a

handle body of genus

g
'

= # 2 - handles

since 24=-2--2 W
'

we see g -

-

g
'

and M is the union of 2 genus g handle bodies !

I called a Heegaard surface for M and ME

a Heegaard splitting

I embeddings Hg M
, Hg M for costs of ME

let  4=445itgo Yi 't
* JETIg

this is a difteo
.

and



to

→

ME H
'

g
UHIpeg H'

g
roll g) EJ Hgh

so any
3 - mfd obtained by gluing 2handlebo-dc.estogether ! t

really simple
manifolds !

so all 3 - mfds described by ditfeos of surfaces

another way to describe 3D handle decompositions
"

Kirby pictures
"

A.K.A .

"

Heegaard Diagrams
"

just as for surfaces fro 3 - manifolds M
, ,

M ,
are

n ~

diffeomorphic ⇐ M
, , Me are diffeomorphic

~
-

3
where M

,
= Me - B

so can understand a 3 - mfd M by lookingat

M
'

-

- G- handle ) u ka - handles ) u k C 2- handles )

handles attached to 2 Co - handle ) = 5

and attaching regions of handles can be assumed

to be disjoint from a pt in 5
,

re in IR
'

= 5- Cpt)

example . attaching region of I - handle is so xD 2

422

④ ④ A A

¥0
" in →

→ i¥Y
133



attaching sphere of 2- handle is s
'

I and attaching regain
uniquely determined by thisIT

,
101111=61

, gist thicken S
' )

example
, exercise " is

insp
. sy÷¥¥

just like for surface we have cancelling 1,2 - pairs

O_O ⇒ 0

⇒
ii

and handle slides

for I - handles

a.EE#i-EAHeegaard
diagram

QE
- '

99
.

⇒

pap
.

0¥
.

t can csofop back co

O000TIA
A f

1B1B



for 2- handles :

µ
,

to push Konerko

? ( .

take a
- push off

"

of K
,

? ¥
choose are K , to push off

)µgµ
"

band
"

K
,

to push off along are

s:*
example :

Eitan 0



exercises . Draw pictures of s
'

x 5
, Up . g)

, -2g x to i3
,

T
'

= S
'

x s
'

x s
'

given a Heegaard surface E c M
'

let a be an are embedded in

.  

-2

let B be the result of isotopic in
. terroir of a of -2

so du p = JD
'

set
.

D
'

n I =L

note Bc one component , say

Y
,

of Mi -2 - You V
,

let N -

- nbhd p in V
,

= D
'

x lo . D

let Y'
= IN,Vo'

=Vo u N

claim -2
'

=3
Yo

'

a new Heegaard splitting of M
-

"

indeed
V

'

✓
o

part  of D
'

so we add a
I - handle to Vo

so Vo
'

still handle body
then attach nbhd of D

'

to Yo
'

I re
.

2- handle ) and now

add other 2- handles & 3-

handlegoing from -2 to -2
'

re . Vi = 3- handle u 2 - handles

is called a stabilization so handle body

note an handle decomposition level we just added

a cancelling pair of handles

Th ' I Rei deme is ter - Singer ) :

any 2 Heegaard surfaces for M are isotopic after

possibly stabilizing each surface



to prove this ( from our perspective) we need something new
.

G. Cert and Smale theory

first Cerf theory addresses how to get between 2 Morse functions

recall a critical point p of f i M -7 R is non - degenerate
it If : M -7 T

*
M is ht zero section at p

it dt not A at p
what's the next closest thing ?

"
order I tangency ,

in one direction
"

e.g.

# X 1-7×3

we say p is embryonic if her Hesspf is 1 dimensional

and
,

in local words
,

3rd derivative

we
call functions

of t in direction of her Hesspt
f with

non
- degen

.

is non - zero

and
embryonic

critical

points
generalized

i.e.
.

im dfp A tho section = line and in that

Morse

functions
direction

"

2¥,
to

"

similar to Morse lemma we Love

lemma :
-

H
p is an embryonic critical point of t

,
then 3

local words about p in which t takes the form

f- Cx
, , . . . , Xu ) = fcp) - xp -

. . .

- Xie txh !,
t

. . .  txn
. ,

t In
[

h is index of p

Similar to th m about the existence of Morse functions we have

That Cerf )

If to
,

f
,

: M → IR are Morse functions
,

then for generic paths

ft : M → IR connecting to
,

f
,

we can assume I a

finite number e of t
,

c
. . .

< th Such that


