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ABSTRACT. Iterated planar contact manifolds are a generalization of three dimen-
sional planar contact manifolds to higher dimensions. We study some basic topo-
logical properties of iterated planar contact manifolds and discuss several exam-
ples and constructions showing that many contact manifolds are iterated planar.
We also observe that for any odd integer m > 3, any finitely presented group can
be realized as the fundamental group of some iterated planar contact manifold
of dimension m. Moreover, we introduce another generalization of three dimen-
sional planar contact manifolds that we call projective. Finally, building symplectic
cobordisms via open books, we show that some projective contact manifolds admit
explicit symplectic caps.

1. INTRODUCTION

The groundbreaking work of Giroux [27], that characterized contact manifolds
in terms of open book decompositions with symplectic pages, has had a remark-
able impact in the study of the global topology of contact manifolds. By studying
the properties of the pages of an open book, one can learn a lot about the adapted
contact structure. For example, given a contact 3—manifold (1, ¢), one may ask
what the minimal genus is for an open book that supports £. This is the support
genus sg(&) of &, [22]. If sg(§) = 0O, then the contact structure { and the contact
3-manifold (M, ), as well as the supporting open book, are all called planar. So
far there is a great deal known about planar contact manifolds (in dimension 3, by
definition), which we itemize below.

(1) All overtwisted contact structures are planar and hence a contact structure
with positive support genus is tight, [21].

(2) Any (weak) symplectic filling (X, w) of a planar contact manifold must have
connected boundary, and b3 (X) = b3(X) = 0, [21].

(3) Inparticular, any planar contact manifold has a symplectic cap that contains
a symplectic sphere of positive self-intersection and any symplectic filling
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of a planar contact manifold embeds as a convex domain in a rational sur-
face.

(4) Planar contact manifolds do not embed as weak nonseparating contact-type
hypersurfaces in closed symplectic 4-manifolds (cf. [5, 41]).

(5) The Weinstein conjecture is true for planar contact manifolds, [1]. More
generally, it is now known to be true for all contact 3-manifolds [46], but
the conjecture was first established for planar contact manifolds.

(6) Given a symplectic filling of a contact manifold, a planar open book sup-
porting the contact structure can be extended to a Lefschetz fibration over
the symplectic filling, [41, 50].

(7) The previous fact allows us to classify fillings of certain planar contact man-
ifolds [30, 35, 44].

(8) Any weak symplectic filling of a planar contact manifold can be deformed
into a Stein filling [41, 50].

(9) Planarity of a contact manifold can be obstructed by the contact element in
Heegaard Floer homology, [43].

In this article, we discuss two notions that can be thought of as generalizations
of planar open books to higher dimensions:

e iterated planar open books and
e projective open books.

We will mainly focus on basic properties and examples of these open books, and
more importantly, the contact manifolds supported by such open books. A long
term goal is to see how many of the items above can be proven for these special
contact manifolds in higher dimensions.

We would like to point out that only very recently Colin, Honda, and Tian [13]
set up the general framework of higher-dimensional Heegaard Floer homology,
defined the contact class, and used it to give an obstruction to the Liouville fillabil-
ity of a contact manifold and a sufficient condition for the Weinstein conjecture to
hold. We will say nothing more about item (9), and concentrate on the others.

1.1. Iterated planar open books and adapted contact manifolds. Iterated planar
contact manifolds (which are of dimension greater than three, by definition) were
introduced by the first author in [3], as a natural generalization of planar contact
manifolds. Briefly, an open book is called iterated planar, if its page has an iterated
planar Lefschetz fibration, and the notion of iterated planarity for a Lefschetz fi-
bration is defined inductively by saying that its fibers are iterated planar, with the
base case being a 2—-dimensional fiber that is a planar surface. See Section 2.2 for a
precise definition. A contact manifold supported by an iterated planar open book
is called iterated planar.
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To date only a few of the above results are known for iterated planar contact
manifolds. The first substantial result for iterated planar contact manifolds was
the verification of the Weinstein conjecture by the first author.

Theorem 1.1 (Acu 2017, [3]). If (M, &) is an iterated planar contact manifold then any
Reeb vector field for & has a periodic orbit.

Another proof of this result was given by the first author and Moreno, who also
proved the following results.

Theorem 1.2 (Acu-Moreno 2018, [4]). Any symplectic filling of an iterated planar con-
tact manifold must have connected boundary.

Theorem 1.3 (Acu-Moreno 2018, [4]). An iterated planar contact manifold cannot be a
nonseparating weak contact-type hypersurface in any closed symplectic manifold.

Items (4), (5), and the first part of Item (2) are known to be true for iterated planar
contact manifolds.

So far there has been little systematic investigation of how common it is for a
contact manifold to be iterated planar. In Section 3, we show that there are iterated
planar contact manifolds in all odd dimensions (greater than three) and we also
show that there is no obstruction to iterated planarity coming from the fundamen-
tal group.

Theorem 1.4. Let G be a finitely presented group. Then for each n > 2, there is an iterated
planar contact (2n + 1)—manifold whose fundamental group is G.

Remark 1.5. Itis clear that for n > 3, any finitely presented group G can be realized
as the fundamental group of a contact (2n+ 1)-manifold, since there exists a closed
orientable (n+1)-manifold X with 7 (X) = G and the unit cotangent bundle S7*X
equipped with its canonical contact structure is a contact (2n + 1)-manifold with

7T1<ST*X> = 7T1(X) = G

This argument obviously breaks down for n = 2. Nevertheless, A’‘Campo and
Kotschick [2] observed that any such G can be realized as the fundamental group
of a contact 5-manifold, via performing surgery on the contact 5-manifold #(S* x
S* &€qa4), where k is the number of generators in the presentation of G and &4
is induced by the Stein 6-manifold S' x B®. Notice that Theorem 1.4 gives an
alternate uniform proof of these results as well using a different method.

Iterated planarity is preserved under connected sums.

Theorem 1.6. The connected sum of iterated planar contact manifolds is iterated planar.
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We now turn our attention to contact 5-manifolds. We begin by recalling that
in general, a subcritical Stein filling of a contact (2n — 1)-manifold is a Stein filling
that does not have handles of index n.

Theorem 1.7. The following subcritically Stein fillable contact 5—manifolds are iterated
planar.

(1) Consider a 5—manifold M with a finite cyclic fundamental group (including the
trivial group). If the order of the group is odd, then any subcritically Stein fillable
contact structure on M is iterated planar. If the order of the group is even, then
at least half of the subcritically Stein fillable contact structures on M are iterated
planar.

(2) The unique contact structure admitting a symplectically aspherical subcritical Stein
filling on S* x S* is iterated planar.

(3) If (M, &) is a subcritically Stein fillable contact 5—manifold, then M admits a sub-
critically Stein fillable iterated planar contact structure &' in the same homotopy
class of almost contact structures. Moreover, if M has infinite second cohomology
then it has infinitely many such contact structures.

Remark 1.8. We note that a 5-manifold M can have a subcritically Stein fillable
contact structure £ and another contact structure ¢’ that is not subcritically Stein
fillable. In general, we can say nothing about the iterated planarity of ¢, but we
expect there to be cases where it is not.

For example, let X be the Stein manifold obtained form B* by attaching a Stein
2-handle along the maximal Thurston-Bennequin right-handed Legendrian torus
knot in (5%, &,4), and let (M, &) be the boundary of the subcritical Stein manifold
X x D?. We observe that the open book with page X and trivial monodromy,
that supports (M, ¢), is not iterated planar because otherwise the planar contact
manifold X would have a filling X with b3(X) = 1, which contradicts to the
result discussed in Item (2) above. Although, this does not yet prove that the con-
tact 5—manifold (M, €) is not iterated planar, we present some further supporting
evidence. Notice that any symplectically aspherical filling of (), ) must be dif-
feomorphic to X x D? by [8, Theorem 1.5], and it is hard to see how any open book
induced from a Lefschetz fibration on X x D? could be iterated planar. Thus we
conjecture that (1, £) is not iterated planar. One can clearly create infinitely many
other such examples as well by attaching a Stein 2-handle to B* along any Legen-
drian knot in (53, £,;4) with Thurston-Bennequin invariant larger than zero. This
discussion leads to the following question.

Question 1.9. Are all subcritically Stein fillable contact manifolds iterated planar? Is
there some criteria that determines when they are?
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We note that in dimension 3, a subcritically Stein fillable contact structure is the
connect sum of some number of copies of S' x S? with its unique tight contact
structure. This is well-known to be planar, so the above question asks if this obser-
vation generalizes to higher dimensions.

On the other hand, there are many non-subcritically Stein fillable contact mani-
folds which are iterated planar.

Theorem 1.10. If (M?,£) is an iterated planar contact 5—manifold with ¢;(£) = 0, and
has a flexible Stein filling, then it admits infinitely many iterated planar contact structures
which are filled by Stein manifolds that cannot be subcritical.

A Stein manifold is flexible if it admits a handle decomposition with all the crit-
ical handles attached along loose Legendrian spheres [40]. In particular, a subcrit-
ical Stein manifold is flexible, by definition. Thus combining Theorem 1.7 (3) and
Theorem 1.10, we conclude that if a 5—manifold M with infinite second cohomol-
ogy admits a subcritically Stein fillable contact structure with ¢; = 0, then there are
infinitely many iterated planar contact structures on M which are not subcritically
Stein fillable. There are many 5-manifolds satisfying these assumptions. For exam-
ple, if X is the result of attaching a Stein 2-handle to B* along a Legendrian knot
with rotation number zero, then the boundary of the subcritical Stein 6-manifold
X x D? is a contact 5—manifold with infinite second cohomology such that ¢; = 0.

We now observe that Item (8) above does not hold for iterated planar contact
manifolds.

Proposition 1.11. There are iterated planar contact manifolds that are strongly symplec-
tically fillable but not Stein fillable.

Turning to the opposite end of the spectrum we consider overtwisted contact
structures.

Theorem 1.12. If M is a 5-manifold with finite cyclic fundamental group of odd order
(including the trivial group) that is the boundary of a subcritical Stein domain, then every
overtwisted contact structure on M is iterated planar.

More generally, if M is any 5—manifold that admits a subcritically fillable contact struc-
ture, then it admits an overtwisted contact structure that is iterated planar. If H*(M;7Z)
is infinite, then there are infinitely many homotopy classes of almost contact structures for
which every overtwisted contact structure in any of these classes is iterated planar.

We note that Theorem 1.12, for example, says that any overtwisted contact struc-
ture on
o S,
o S x 5%,
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e 5% x 5%, or
e 5?x 53 (the total space of the nontrivial S®*~bundle over 5?)

is iterated planar. This gives some evidence that the analog of Item (1) may be true,
so we ask:

Question 1.13. Is every overtwisted contact manifold iterated planar?

Another natural class of 5-manifolds to consider is the simply-connected ones.
In [7], Barden gave a classification of closed, oriented, smooth, simply-connected
5—manifolds, up to diffeomorphism. Note that the vanishing of the third integral
Stiefel-Whitney class W3(M) is a necessary condition for the existence of an al-
most contact structure on a (not necessarily simply-connected) 5-manifold A, and
Massey [38] showed that it is also sufficient. Moreover, Geiges [23] proved that
if M is simply-connected, then it admits a contact structure in every homotopy
class of almost contact structures. These results imply that any simply-connected
5—manifold which carries a contact structure can be uniquely decomposed into the
connected sum of prime manifolds M) for 1 < k < oo, with possibly one extra
summand X, = S?xS%. Here M, = S°, M, = S? x S, and M, is characterized by
the property that Hy(My; Z) = Zy, & L.

The results above imply that all overtwisted contact structures on M; = S°,
M, = 5? x 5%, and X, = S*xS? are iterated planar and each of these manifolds
has infinitely many Stein fillable contact structures that are iterated planar.

Question 1.14. Are all the contact structures on S°, S? x S°, and S*x S iterated planar?

Question 1.15. For 2 < k < oo, does the manifold M), admit any iterated planar contact
structures?

We discuss Question 1.15 further in Section 4 and suggest that M}, admits a con-
tact structure that we conjecture is not iterated planar.

Many of the other items listed above for planar contact manifolds follow from
finding symplectic caps for these manifolds. While we do not have specific results
to mention here, below we will discuss some methods to build symplectic cobor-
disms (that might be a step towards building symplectic caps) and build symplec-
tic caps for a very restricted class of iterated planar contact 5—-manifolds. We note
that recently, Conway and the second author [14] and, independently, Lazarev [32]
showed that strong symplectic caps exist for arbitrary contact manifolds, but there
is little one can guarantee about the topology of these caps, and hence it does not
seem likely they can be used to study iterated planar contact manifolds as the caps
in Item (2) were used to restrict planar contact manifolds.
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We have seen that there are many contact manifolds that are iterated planar, but
we end this section by pointing out that not all higher dimensional contact mani-
folds are iterated planar. In [39], Massot, Niederkriiger, and Wendl gave examples
of symplectic manifolds with disconnected weakly convex boundary. It follows
that none of the boundary components of these examples are iterated planar by
Theorem 1.2.

1.2. Projective open books and adapted contact manifolds. There is another pos-
sible generalization of planar open books to higher dimensions. The idea for this
comes from noticing that S? is also CP' and the page of a planar open book natu-
rally embeds in CP".

Definition 1.16. We say that an open book for a (2n + 1)-manifold is projective if its
Weinstein page embeds as a convex domain in CP"#,CP" for some k. A contact
manifold supported by a projective open book is called projective.

A more natural term for such open books would be “rational”, but as this term
is already used for something else when discussing open books [6] we have opted
for “projective”.

Our first observation is that in dimension 5, iterated planar open books are also
projective, and hence iterated planar contact 5-manifolds are projective.

Theorem 1.17. Any iterated planar contact 5—manifold is projective.

Combining Theorem 1.17 with the results in Section 1.1, we conclude that there
are many projective contact 5-manifolds, which leads us to ask:

Question 1.18. Are iterated planar contact manifolds of dimension greater than five also
projective?

Our main result about projective open books is that Eliashberg’s “capping pro-
cedure” [18] can partially be carried out in this context (see Section 5) and in some
cases fully carried out.

Theorem 1.19. If (M?, ) is supported by an open book whose page embeds as a convex

domain in CP*4#,CD" for n < 4, then (M, &) has a symplectic cap that contains an
embedded CP?*4,CP .

Example 1.20. It is well known that there is a Lagrangian sphere in 52 x S? with the
symplectic form w & w and thus there is one in CP24#,CP° = (S* x S?)#CP° with
its blown up symplectic form. As Lagrangians have standard neighborhoods we

see that the unit cotangent bundle DT*S? of S? embeds in CP?#,CP". Thus any
contact structure on a 5-manifolds supported by an open book with page DT*5?
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is a rational open book satisfying the hypothesis of this theorem. We see in Ex-
ample 4.3 below that S° has infinitely many distinct contact structures that are
supported by an open book with page DT*5?. So all of these contact structures

have a cap containing CP?#,CP".

Example 1.21. Let IV be the Stein domain which is the complement of a neigh-
borhood of a symplectic hypersurface ¥, of degree d > 1 in CP* and let 7, denote
the fibered Dehn twist in W;. The lens space L, give by S°/Z, is given by the open
book with page W,; and monodromy 7,4, see [11, page 423]. Moreover the supported
contact structure ¢, is simply the one induced from S° by taking the quotient by
the group action. So from Theorem 1.19 we see that (L4, ;) has a symplectic cap
that contains a copy of CP?.

1.3. Building symplectic cobordisms using open books. Here we discuss two
methods to build symplectic cobordisms based on information about open book
decompositions.

Theorem 1.22. Let (M, &) be a (2n + 1)—dimensional closed contact manifold supported
by an open book decomposition with page F, binding B = OF, and monodromy ¢. Suppose
that X is an exact symplectic cobordism such that 0X = —B U B'. Then there exists a
strong symplectic cobordism

W =M x[0,1] U X x D?

BxD2x{1}=8_XxD?

such that OW = 0_W U 0, W with 0.W = —M and O, W = M’ where (M',¢') is
supported by an open book with page F'U X, binding B', and monodromy ¢" which is
identity on X and agrees with ¢ on F.

During the writing of this paper the first author and Agustin Moreno inde-
pendently constructed a cobordism in [3] using cobordisms of the binding as in
Theorem 1.22, and, though not stated in these terms, their arguments can recover
Theorem 1.22 (and more). We also note that this theorem can be thought of as a
higher dimensional analog of a cobordism constructed by Lisi, Van Horn-Morris,
and Wendl in [37] for “spinal open books”.

We hope that Theorem 1.22 might be useful in studying symplectic cobordisms
between contact manifolds. The next theorem does not give a symplectic cobor-
dism between contact manifolds but it rather gives a symplectic cobordism from a
contact manifold to a symplectic fibration. This will be used in conjunction with
the information about the symplectomorphism group of some symplectic mani-
folds to prove Theorem 1.19.
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Theorem 1.23 (Dorner, Geiges and Zehmisch [17]). Suppose that (M, E) is a closed
contact manifold supported by an open book decomposition with page F, binding B = OF,
and monodromy ¢, and let X be a symplectic cap for B. Then there exists a symplectic
cobordism
W =M x[0,1] U X x D?
BxD2x{1}=8_XxD?

such that OW = 0_W U 0. W with O_W = —M and 0, W = M’ where M’ fibers over
the circle with symplectic fibers. The fibers of M' are F' U X and the monodromy of the
bundle is the identity on X and agrees with ¢ on F.

Acknowledgements. The second author was partially supported by NSF grant
DMS-1906414.

2. ITERATED PLANAR CONTACT MANIFOLDS

In this section, we introduce iterated planar Lefschetz fibrations, iterated planar
open books, and iterated planar contact manifolds, after recalling the necessary
background on open books and Lefschetz fibrations.

2.1. Open book decompositions and Lefschetz fibrations. We begin by recalling
two notions of open book decompositions.

Definition 2.1. An abstract open book decomposition is a pair (F, ¢), where F' is a com-
pact manifold with boundary, called the page and ¢ : F' — F'is a diffeomorphism
which restricts to the identity on 0F, called the monodromy.

Definition 2.2. An open book decomposition of a closed oriented manifold M is a pair
(B, ), where B is a codimension 2 submanifold of M with trivial normal bundle,
called the binding of the open book and 7 : M \ B — S' is a fiber bundle such that
7 agrees with the angular coordinate 6 on the normal disk D? when restricted to a
neighborhood B x D? of B.

For any 6 € S?, the closure Fj := 7—1(6) is a manifold with boundary 0F, = B
called the page of the open book. The holonomy of the fiber bundle 7 determines
a conjugacy class in the orientation-preserving diffeomorphism group of a page
Fy fixing its boundary, i.e. in Diff"(F,, 0Fy) which we call the monodromy. Since
M is oriented, pages are naturally co-oriented by the canonical orientation of S*
and hence are naturally oriented. Also, the binding inherits an orientation from
the open book decomposition of M. We assume that the given orientation on B
coincides with the boundary orientation induced by the pages. It is well-known
that an abstract open book decomposition gives a closed manifold with an open
book decomposition and vice-versa.
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Definition 2.3. A contact structure £ on a compact manifold M is said to be sup-
ported by an open book (B, ) of M if it is the kernel of a contact form ) satisfying the
following:

(1) Ais a positive contact form on the binding and
(2) d\ is positively symplectic on each fiber of .

If these two conditions hold, then the open book (B, ) is called a supporting
open book for the contact manifold (M, §) and the contact structure &, as well as the
contact form ), is said to be adapted to the open book (B, ).

Definition 2.4. A Liouville domain is a compact manifold W with boundary, to-
gether with a 1-form A such that w = d\ is symplectic and the Liouville vector field
Zyon W defined by w(Z), -) = A points transversely outward along 0. Moreover,
if o : W — R is a (generalized) Morse function for which 7, is gradient-like and
O0W is a regular level set of ¢, then the quadruple (W, w, Z,, ¢) is called a Weinstein
domain.

Note that the primitive A in Definition 2.4 is called a Liouville form and ker A is a
contact structure on OW, by definition. We also say that 0V is convex.

Let (W, ) be a Liouville domain and let ¢ : W — W be an exact symplectomor-
phism which is identity near 0WW. Exactness of ¢ means that ¢*3 — 8 = dh for some
positive function # : W — R, which is constant on each component of OW'.

Remark 2.5. If dim W = 2, then any diffeomorphism of W can be isotoped to a sym-
plectomorphism of (W, df) [24, Lemma 7.3.2]. When dim W > 2, exactness of a
symplectomorphism can be achieved by an isotopy [24, Lemma 7.3.4].

Note that ker(5|sw ) is a contact structure on OW. Then « := [ + dp, where (r, @)
are polar coordinates on D?, descends to a contact form on (W x [0,1])/ ~, which
can be extended over OW x D? as hy (1) + ha(r)dy, for some suitable functions h,
and hy (see [24, page 348]). Let A denote the resulting contact form on the manifold
M described by the abstract open book (W, ¢).

Proposition 2.6 (Giroux 2002, [27]). The contact structure & = ker A described above
on M is adapted to the abstract open book whose page is the Liouville domain (W, 8) and
whose monodromy is the exact symplectomorphism ¢.

Conversely,

Theorem 2.7 (Giroux 2002, [27]). Every closed contact manifold admits an adapted open
book with Weinstein pages.

Definition 2.8. Let F be a compact 2n—dimensional manifold with corners whose
boundary is the union of two faces, namely the horizontal boundary 0, E and the
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vertical boundary J, F/, meeting in a codimension 2 corner. Let w = d\ be an exact
symplectic form on E such that both faces of the boundary are convex. Let f : £ —
D? be a proper smooth map with finitely many critical points Crit(f) C E and let
F denote a regular fiber. We say that f is an exact symplectic Lefschetz fibration on
(E,w = d\) if it satisfies the following properties:

(1) Conditions on the boundary: We require that 9,F = f~'(0D?) and f|o,p : 0,E —
0D? is a surjective smooth fiber bundle. Moreover, there is a neighborhood N of
OnE such that f|y : N — D?is a product fibration D? x nhd(0F) where w|y and
Aln are pullbacks from the second factor of this product. In particular, O,F =
U.ep2 0(f71(2)) and [, : OnE — D? are surjective smooth fiber bundles.

(2) Conditions on the fibers: Let E, denote the fiber f~!(z) for any z € D% We
require that the restriction of w to E, \ Crit(f) is symplectic. In particular, the
boundary of each fiber is convex and each regular fiber of f is an exact symplectic
manifold with convex boundary. We also require that there is at most one critical
point at each fiber.

(3) Conditions on the critical points: For any p € Crit(f), there are orientation
preserving local complex coordinates about p on E and f(p) on D? such that, with
respect to these coordinates, f is given by the map

f(z1, oy 2n) = 224 - 4 22,

It follows by Definition 2.8 that the critical points of f are isolated and belong to
the interior of E. We also allow C7it(f) to be the empty set. More importantly, the
corners of E can be rounded off to obtain a Liouville domain (¥, ) so that one can
speak about an exact symplectic Lefschetz fibration f : (W, \) — D? such that each
regular fiber is again a Liouville domain equipped with the restriction of .

According to a recent result of Giroux and Pardon [28], any Stein (respectively
Weinstein) domain admits a Stein (respectively Weinstein) Lefschetz fibration over
D?, which by definition implies that the regular fiber of the fibration is Stein (re-
spectively Weinstein). So, we can consider these type of fibrations as special cases
of the exact symplectic fibrations we defined on Liouville domains—which might
be called Liouville Lefschetz fibrations in the same vein.

Construction 2.9. We make a few observations about constructing open books and
Lefschetz fibrations that will be used repeatedly below. The first simple observa-
tion is thatif f : (W, \) — D?is an exact Lefschetz fibration, then W is convex and
hence has an induced contact structure {. Moreover, if we take polar coordinates
on D? and let B = f~1(0) N W, then W \ B is fibered by composing f with pro-
jection to the 6 coordinate. Once may easily check that this open book supports &.



12 BAHAR ACU, JOHN B. ETNYRE, AND BURAK OZBAGCI

In addition, if A is an exact Lagrangian sphere in a fiber of f, then there is an asso-
ciated Legendrian sphere in OW [48]. By attaching a Weinstein handle to IV along
A, we get a new symplectic manifold W’ with an exact Lefschetz fibration that has
one additional vanishing cycle given by A, [28, Section 6.2]. In other words, given
an exact symplectic (2n — 2)-manifold X, a general exact Lefschetz fibration in
dimension 2n can be built by successively attaching Weinstein n-handles to the
trivial Lefschetz fibration X x D? along Lagrangian spheres embedded in distinct
fibers above 9 D?.

2.2. Iterated planar open books. Once an exact symplectic Lefschetz fibration on
a Liouville domain is given, one can further consider an exact symplectic Lefschetz
fibration on the codimension two Liouville fiber, and iterate this dimension reduc-
tion until the fiber is 4-dimensional. This leads to the following definition.

Definition 2.10. An iterated planar Lefschetz fibration on a 2n-dimensional Liouville
domain (W, \) is a sequence of exact symplectic Lefschetz fibrations

fi . (I/sz/\z) — D2
fori =n,n—1,...,2, with the following properties:
(1) (W, ) = (W, A) and f = f,
(2) (Wi_1,\i—1) is aregular fiber of f;, fori =n,n—1,...,3
(3) fa: (Ws, A\2) = D?is planar, i.e. the regular fiber of f, is a genus zero surface
with nonempty boundary.

Although we formulated the definition of an iterated planar Lefschetz fibration
by reducing the dimension at each step, it is also possible to start with the lowest
possible dimension and build up higher-dimensional fibrations as follows. Sup-
pose that W, is a smooth 4-manifold with nonempty boundary which admits a
smooth planar Lefschetz fibration over D?. Then by standard methods one can
equip W with an exact symplectic form w, = d\; such that the smooth planar Lef-
schetz fibration turns into an exact symplectic Lefschetz fibration f5 : (W2, A2) —
D? with planar fibers. Similarly, using Construction 2.9 one can construct a Liou-
ville domain (W3, A3) of dimension 6 which admits an exact symplectic Lefschetz
fibration f5 : (W3, A\3) — D?, whose fiber is (W2, \2). This process, of course, can be
iterated as many times as desired. Note that an iterated planar Lefschetz fibration
on a 4—dimensional Liouville domain is nothing but a planar Lefschetz fibration.

Remark 2.11. It is not true that every 4-manifold with nonempty boundary admits
a planar Lefschetz fibration over D?. For example, suppose that 72 x D? admits
such a fibration. Then there must be a planar Stein fillable contact structure on
O(T? x D?) = T3, but the unique Stein fillable contact structure on 7% [19] is known
to be not planar [21].
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Definition 2.12. An open book decomposition whose (Weinstein) page admits an
iterated planar Lefschetz fibration is called an iterated planar open book. An iterated
planar contact manifold is a closed contact manifold of dimension at least 5, which is
supported by an iterated planar open book decomposition.

3. GENERAL RESULTS ABOUT ITERATED PLANAR CONTACT MANIFOLDS

There have been few examples of iterated planar contact manifolds but there
were a few implicit in the first authors work [3].

Example 3.1. The simplest examples of iterated planar contact manifolds are

(1) the standard contact sphere (52", {44),

(2) the unit cotangent bundle (S7*S™,n) of S™ equipped with its canonical con-
tact structure 7, and

(3) the convex boundary (S™ x S"*1, &) of the Weinstein domain DT*S™ x D?,
where DT*S™ denotes the unit disk cotangent bundle of 5.

To see this we will first show that D7™*S™ has the structure of an iterated planar
Lefschetz fibration, which immediately implies that (S7*S™,7) is iterated planar.
We will make use of Construction 2.9 repeatedly in the discussion below. Let L
be a linear Lagrangian disk in the standard symplectic ball B** so that L = A
is a Legendrian sphere in the standard contact S**~!. If we attach a Weinstein n—
handle to B?" along A it is easy to see that we obtain F' = DT*S" that contains a
Lagrangian S™, that we denote L. Now D? x Fis a subcritical Weinstein manifold
and in its boundary we can take L' to be a Legendrian sphere. Attaching a (2n+2)-
dimensional (n+1)-handle to D? x F along L’ will result in B*"*2 with a symplectic
form deformation equivalent to the standard symplectic form. Thus B*'*2 has
the structure of a Lefschetz fibration with fiber F' and one vanishing cycle given
by L'. But now attaching another (2n + 2)-dimensional handle to B***? along a
copy of L' will result in DT*S™*! with a Lefschetz fibration with fiber DT*5™ and
two vanishing cycles. That is for all n > 1, DT*S™"! has a Lefschetz fibration
with fiber DT*S™ and in particular for n = 1, the fiber DT*S' = S* x [-1,1] is
planar. Therefore, we conclude that DT*S™ (and hence B?"*2) has the structure of
an iterated planar Lefschetz fibration.

Now the iterated planar Lefschetz fibration structure on DT*S" yields an iter-
ated planar Lefschetz fibration structure on DT*S™ x D? and hence induces an
iterated planar open book supporting its contact boundary (5™ x S"*! ¢).

The iterated planar Lefschetz fibration structure on B?"2 constructed above in-
duces an iterated planar open book supporting £, on S*"**. The “iterated” pages
are DT*S™ and the “iterated” monodromy is a Dehn twist about L'.
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Example 3.2. The Brieskorn manifold ¥?""!(k,2,...,2) c C""! is defined as the
intersection of the sphere 52" with the zero set of the polynomial 2§ + 27+ - -+ 22.
Viewed as a singularity link, ¥?"(k, 2, ...,2) carries a canonical contact structure
i The contact manifold (3**~!(k, 2, ...,2),n;) is supported by an open book with
page DT*S"~!, and monodromy the k-fold right-handed Dehn twist along the zero
section [49]. It follows that (2" (k, 2,...,2),n) is iterated planar by Example 3.1.
Note that the corresponding Milnor fiber admits a Lefschetz fibration with fiber
DT*S5"1, and hence it admits an iterated planar Lefschetz fibration structure.

More generally, we can show that any finitely presented group is the fundamen-
tal group of some iterated planar contact manifold.

Proof of Theorem 1.4. First we prove the case n = 2. For each finitely presented
group G, there is a planar Lefschetz fibration W* — D? with 7 (W*) = G (see [26,
Proposition 6.1]). Let M be the contact 5-manifold supported by the open book
with page is W* and monodromy the identity map. Then M is the boundary of
the Stein domain W* x D? and

m(M®) =2 7 (W* x D?) =2 m (W) 2 G.

Therefore, M? is an iterated planar contact 5—manifold whose fundamental group
is G. Now, consider the contact 7-manifold M7 supported by the open book with
page W* x D? and monodromy the identity map. The discussion above shows that
m(MT7) = G and M is iterated planar by definition. It is clear that this process can
be iterated for all n > 2, to construct an iterated planar contact (2n + 1)-manifold
whose fundamental group is G. O

Next we will show that the connected sum preserves iterated planarity, as a
corollary of Lemma 3.3.

Lemma 3.3. Suppose that f; : (W;, \;) — D? is an exact Lefschetz fibration with regular
fiber F;, for i = 0,1. Then a 1-handle can be attached to W, U W to obtain a Weinstein
manifold W which admits an exact Lefschetz fibration with reqular fiber Fy U Fy with a
1-handle attached.

Proof. The boundary of W; naturally splits into two pieces: the vertical boundary
f71(0D?%) and the horizontal boundary (9F;) x D?, where F; denotes a fiber of
fi;- Note that (OF;) x D? has a natural contact structure with contact form «; +
xdy — ydz, where «; is a contact form for OF; and (z,y) are coordinates on D?.
Supposing that B; is a Darboux ball in 0F;, we can attach a 2n—dimensional 1-
handle to W,UW; along ( By x D?)U(B; x D?). More specifically, if we take a (2n—2)—
dimensional Weinstein 1-handle D' x D?"~3 that is attached along (0D') x D?"~3,
then D' x D3 x D?is a 2n—dimensional 1-handle that can be thought of as a D*’s
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worth of (2n — 2)-dimensional Weinstein 1-handles. Therefore, a 2n—dimensional
1-handle can be attached to [(0F};) U (0F3)] x D? by attaching (0D') x D**~3 x {p}
to [(OF)) U (OFy)] x {p} for each p € D? That is for each p € D? we attach a
(2n — 2)-dimensional 1-handle to f; '(p) U f, ! (p). We conclude that the Weinstein
manifold W = Wy U W; U (1-handle) admits an exact Lefschetz fibration with fiber
Fy U F} U (1-handle). O

Proof of Theorem 1.6. Suppose that (M;,¢;) is a contact manifold supported by an
iterated planar open book (W, ¢;), for i = 0,1. We claim that we can attach a
1-handle to W, U W, to obtain a Weinstein manifold W that has the structure
of an iterated planar Lefschetz fibration. If ¢ : W — W denotes the symplecto-
morphism that restricts to ¢; on W, and is the identity on the 1-handle, then one
may readily check using [48, Proposition 4.2] that the open book (W, ¢) supports
(Mo# M, E#&1) — which gives a proof of the desired result assuming the claim.

To prove our claim, we first observe that W, and W; both have the structure
of an iterated planar Lefschetz fibration, by definition. Then a 1-handle can be
attached to W, U WW; to obtain a Weinstein manifold W which admits an exact Lef-
schetz fibration, whose fibers are obtained from the fibers of the Lefschetz fibra-
tions on W, and W, by Lemma 3.3. Iterating this construction until we get to the
4-dimensional Lefschetz fibration case, we see that each fiber is simply obtained
from the 2-dimensional fibers for W, and W; together with a 1-handle attached to
connect them. But since these 2—-dimensional fibers for 1, and W are both planar,
so is the 2—dimensional fiber for . Therefore, the exact Lefschetz fibration on W
is indeed iterated planar. O

Remark 3.4. We will see an alternate proof of Theorem 1.6 in the 5—-dimensional
case below.

4. ITERATED PLANAR CONTACT MANIFOLDS IN DIMENSION 5

We begin this section with a simple observation.

Lemma 4.1. A contact 5-manifold is iterated planar if and only if it admits an adapted
open book whose binding is planar.

Proof. If a contact 5—manifold is iterated planar, then by definition, it admits a sup-
porting open book whose Weinstein page admits an exact symplectic Lefschetz
fibration over D? with planar fibers, and hence the binding of this open book is a
planar contact 3-manifold. Conversely, if a contact 5-manifold admits an adapted
open book with planar binding, then since the Weinstein page of this open book
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is a strong filling of its binding and any strong symplectic filling of a planar con-
tact 3-manifold admits an exact symplectic Lefschetz fibration over D? by Wendl’s
work [50], we conclude that the contact 5—manifold at hand is iterated planar. [

Using this lemma, we can give an alternate proof of the fact that the connected
sums preserve iterated planarity in dimension 5.

Alternate proof of Theorem 1.6 in dimension 5. If (M?,&;) is iterated planar, then by
definition it admits an adapted open book with Weinstein page W} so that the
binding 0} is planar. Note that the contact connected sum (MP# M3, & #Es) is
supported by the open book whose page is obtained as the boundary connected
sum WgWy. Hence the binding of this open book is the contact connected sum
OW#0Wy. The connected sum of planar contact manifolds is planar. There-
fore, the binding of the open book supporting (MP#M3, &#&,) is planar and thus
Lemma 4.1 implies that the open book is iterated planar. 0

We now consider contact 5—-manifolds with subcritical Stein fillings. Recall that
our first theorem along these lines is the following.

Theorem 1.7. The following subcritically Stein fillable contact 5—manifolds are iterated
planar.

(1) Consider a 5—manifold M with a finite cyclic fundamental group (including the
trivial group). If the order of the group is odd, then any subcritically Stein fillable
contact structure on M is iterated planar. If the order of the group is even, then
at least half of the subcritically Stein fillable contact structures on M are iterated
planar.

(2) The unique contact structure admitting a symplectically aspherical subcritical Stein
filling on S* x S* is iterated planar.

(3) If (M, &) is a subcritically Stein fillable contact 5—manifold, then M admits a sub-
critically Stein fillable iterated planar contact structure &' in the same homotopy
class of almost contact structures. Moreover, if M has infinite second cohomology
then it has infinitely many such contact structures.

Proof. We begin with Item (2). The work of Barth, Geiges, and Zehmisch [8] shows
that there is a unique symplectically aspherical subcritically Stein fillable contact
structure on S* x S*. It is filled by the Stein manifold S* x D? obtained by attach-
ing a Stein 1-handle to the standard symplectic BS. This induces an open book
supporting the contact structure with pages S' x D?, which admits a Lefschetz
fibration with fiber S x D'. Thus the open book, and hence the aforementioned
contact structure on S' x S* is iterated planar.
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For Item (1) we recall that subcritical Stein fillings of such manifolds have been
classified by Ding, Geiges, and Zhang [16] as follows. We first define L,, to be the
lens space L(n, 1) with an open 3-ball removed. Suppose that (M?,¢) is subcriti-
cally Stein fillable contact 5-manifold whose fundamental group is Z/nZ. Let r be
the rank of Hy(M;Z). If n is odd then M is diffeomorphic to

O(Lyp x D*)#,.(5% x S%) or O(L,, x D¥)#(S*xS*)#,_1(5? x S%),
depending whether M is spin or not. If n is even and M is spin then it is diffeo-
morphic to

(L, x D*)#,(S* x S*),
and if M is not spin then it is diffeomorphic to
O(L,x D*)#,(5% x S%) or O(L,, x D*)#(S*xS*)#,_1(S% x S%),

Moreover, in each homotopy class of almost contact structures, there is a unique
subcritically Stein fillable contact structure.

Given Theorem 1.6 concerning connected sums of iterated planar contact struc-
tures (and the uniqueness results above), it will suffice to prove that each homo-
topy class of almost contact structures on the summands above, is realized by a
subcritically Stein fillable contact structure that is supported by an iterated planar
open book.

We begin with S? x S% and first recall that the possible framings on an S! in a
5-manifold are given by 7 (SO(4)) = Z/27Z. Thus if we consider a 4-dimensional
handlebody H, then H x D? is a 6-dimensional handlebody and the framings on
the 2-handles are reduced modulo 2. Let W denote the Stein 4-manifold obtained
from B* by attaching a Stein 2-handle along a Legendrian unknot L C (5%, &)
with odd Thurston-Bennequin invariant. Then the Stein 6-manifold W x D? is
diffeomorphic to S? x D* and thus its boundary is S? x S®. As we can realize any
possible Chern class on W by the appropriate choice of L, we see that we can also
realize any possible choice of Chern class on IV x D? and hence on S? x S3. As
there is no 2-torsion in the homology of S? x S this means that all almost contact
structures are realized by this construction [16]. Of course the binding of the open
book coming form the product Lefschetz fibration W x D? is simply V. Since this
is a lens space with a tight contact structure it is known to be planar [45]. Thus by
Lemma 4.1, all the subcritical Stein fillable contact structures on S? x S? are iterated
planar.

The same argument works for S?x 5% except that one uses a Legendrian unknot
L C (83, &q) with even Thurston-Bennequin invariant.

We now turn to L, x D*. As L, is a 3-manifold built by a single 0-, 1-, and 2—
handle, where the attaching region for the 2-handle is a circle thatis a (n,1) curve
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on the solid torus 0-handle U 1-handle, we see that 1} in Figure 1 is a handlebody
picture for L,, x [0, 1].

S R

FIGURE 1. The 4-manifold W} shown on the left. The 2-handle runs
n times over the 1-handle. On the right, is the 3-manifold boundary
of Wj. The thin red curve is a regular fiber in the fibration and has
contact framing 0 with respect to the fibration framing.

As noted above if we change the framing on the 2-handle by some even num-
ber then we get a 4-manifold W}, that when crossed with D? is diffeomorphic to
L,, x D?. Notice that Figure 1 can be thought of as a Stein S* x D? with a Legen-
drian knot L in its boundary, and L has Thurston-Bennequin invariant —n. Thus
stabilizing once and attaching a Stein handle to L gives the manifold W;. Similarly
if we stabilize L, 2k times before attaching a handle we obtain a Stein realization
of Wy.41. We notice that 0Wj4, is the Seifert fibered space shown on the right of
Figure 1. In [36], Lisca and Stipsicz showed that all contact structures with zero
twisting are given by the surgery diagram in Figure 2. Zero twisting means that

FIGURE 2. A surgery diagram for oW

the regular fiber in the Seifert fibration can be realized by a Legendrian knot with
contact framing agreeing with the framing coming form the fibration. The thin red
curve in Figure 1 is a regular fiber and we see that it has zero twisting. As noted in
[36] such a contact structure can easily be seen to be supported by a planar open
book. Therefore, the boundaries of W), x D? have contact structures that are
supported by iterated planar open books.
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So we get Stein manifolds W}, x D? diffeomorphic to L, x D?, and we can realize
all possible Chern classes of L,, x D?. Thus as above, when n is odd, so that there
is no 2-torsion in the homology of L, x D3, we see that all subcritically fillable
contact structures on L, x D? can be realized by iterated planar open books.

Turning to the case when n is even we recall that the Chern class does not
uniquely specify the almost contact class of a contact structure. However, the ob-
struction to two almost contact classes being homotopic is half the difference in
their Chern classes. Thus in our situation there are at most two contact structures
sharing the same Chern class and since we can realize all possible Chern classes
with our construction, we have shown at least half of the subcritically fillable con-
tact structures are iterated planar.

We now turn to Item (3) in the statement of the theorem. In the proof of this we
will need the following result.

Lemma 4.2 (Onaran 2020, [42]). If L is a topological link in #1,S* x S? then there is
a planar open book for #,.5' x S? supporting the unique tight contact structure on this
manifold such that L can be realized as a Legendrian link on a page of the open book.

Now if (W,w) is a subcritical Stein filling of a given contact 5-manifold (/,§),
then we know from Cieliebak [12] that (W, w) is obtained from a Stein 4-manifold
(X,w) by taking the product with D?. The 4-manifold (X,w) is obtained from
(8xS* x D?, wyy) by attaching Weinstein 2-handles along a Legendrian link L in
(#1S" x S% £44). By Lemma 4.2, there is some other Legendrian link L’ that is
smoothly isotopic to L and sits on a page of a planar open book for (#;,5" x S?, £4).
After stabilizing L' more (and still calling it L') we can assume the parity of the
contact framing of L agrees with the parity of the contact framing of L' and that the
components of the links have the same rotation number. Let (X', w’) be the Stein
domain obtained from 1;,S* x D? by attaching Stein 2-handles along the Legendrian
link L'. The boundary of X’ is a planar contact manifold, since the surgery link
L' sits on a page of a planar open book for (#;5' x S? &44). So (X’,w') admits a
planar Lefschetz fibration. As discussed above, X’ x D? is diffeomorphic to X x D?
(because of our condition on the parity of contact framings) and the corresponding
symplectic manifolds have homotopic almost complex structures (because of our
condition on the rotation numbers). Thus 9(X’ x D?) = (X x D?) = OW = M has
an iterated planar contact structure in the same homotopy class of almost contact
structures as £. To prove the last part of Item (3) we notice that by changing the
rotation numbers on L' we can achieve different Chern classes for X’ x D?. Thus
since H*(X' x D% Z) = H*(O(X' x D?);Z) we see that we can realize infinitely
many different homotopy classes of almost contact structures by iterated planar
contact structures. ]
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In order to prove Theorem 1.10 concerning iterated planar contact manifolds
with flexible Stein fillings, we first need to consider open book decompositions for
some contact structures on S°.

Example 4.3. The Brieskorn manifold (3°(k,2,2,2),n;) is supported by the open
book with page DT*5?, and monodromy the k—fold right-handed Dehn twist along
the zero-section (see, Example 3.2). It follows that the iterated planar contact 5-
manifold (X°(k, 2,2, 2), n;) is Stein fillable and hence tight.

For k odd, ¥°(k,2,2,2) is diffeomorphic to S°, [47]. With this identification,
we get an infinite set {(S® 7;) |k odd} of iterated contact manifolds. Moreover,
Ustilovsky [47] showed that these contact manifolds are non-contactomorphic. We
also note that (S, 7;,) has a Weinstein filling X, which is obtained from DT*5? x D?
by attaching k& Weinstein 3-handles along copies of the zero section in DT*5?, and
by Construction 2.9 we see that X}, has the structure of an iterated planar Lefschetz
fibration. Since the rank of H3(X}, Z) is equal to k& — 1, none of these fillings can be
subcritical for £ > 1.

On the other hand, ¥°(k,2,2,2) is diffeomorphic to S* x S? for k even. It is
known that (¥°(2,2,2,2),n,) is contactomorphic to ST*S* = 5% x S% equipped
with its canonical contact structure &.,,,. We observe that, since the canonical con-
tact structure on the unit cotangent bundle of a closed manifold does not admit a
subcritical Stein filling by [8, Proposition 3.9], (S? x 5% &) is not contactomor-
phic to any of the subcritically Stein fillable contact manifolds that appeared in the
proof of Theorem 1.7.

With the symplectic fillings X1 of S° in hand, we are ready to prove Theo-
rem 1.10 which we recall here.

Theorem 1.10. If (M?®,¢€) is an iterated planar contact 5—manifold with c¢,(£) = 0, and
has a flexible Stein filling, then it admits infinitely many iterated planar contact structures
which are filled by Stein manifolds that cannot be subcritical.

Proof. We begin by recalling a result of Lazarev [31, Theorem 1.9], the proof of
which says that if £ is a contact structure on M with ¢;(£) = 0 that has a flexible fill-
ing W, then for any two flexible fillings W; and W5 of S®, the contact structures on
M induced by the flexible fillings WlW; and W§W; are distinct provided that W,
and W, have distinct homologies. (Here § means boundary sum and we can think
of WiW; as being constructed from W U W, by attaching a Weinstein 1-handle.)

We claim that there are flexible Weinstein structures on the manifolds X5, 1 and
that the contact structure on their boundaries are all iterated planar. When dis-
cussing the flexible Weinstein structure on Xy, we will denote it X;, ;. Given
this claim and our hypothesized (M, §) with ¢;(§) = 0 that is iterated planar and
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has a flexible filling W, we can consider WX, ;. All the contact structures on
M = 0(WhXy, ) are distinct since, as noted above, all the X7, , have distinct
homologies. Moreover, since the contact structures only differ on a 5-ball (since
90X}, is diffeomorphic to S°) they are all in the same homotopy class of almost
contact structures. Finally, all the contact structures are iterated planar by Theo-
rem 1.6 concerning connected sums, since { and 0.X, , are.

To prove the claim we revisit the description of the Weinstein fillings Xy;,1. Re-
call that they are built from (DT*5?) x D? by attaching Weinstein 3-handles along
2k + 1 copies of the zero section of DT*S?. Also recall that (0(DT*S? x D?),¢)
is a contact manifold (see Example 3.1) supported by the open book with page
DT*S? and monodromy the identity. If X is the Liouville form on 7*5?, then d is
the symplectic form on 7T*S?. The zero section Z of DT*5? is Lagrangian and in
fact A|z = 0, so it corresponds to a Legendrian sphere on each page of the open
book supporting (9(DT*S5? x D?),£). We can get X1 by attaching Weinstein 3-
handles to DT*S* x D? along 2k + 1 copies of this Legendrian sphere. It is well
known, see [48], that the resulting open book for 9 X5, still have page DT*S? but
the monodromy is a composition of 2k + 1 Dehn twists about Z.

Now let A be a fiber in the bundle DT*5? — S?, and U the boundary of A. So A is
a Lagrangian disk in (DT*5?,d)\), and U is a Legendrian circle in (9(DT*5?), ker \).
Moreover, A intersects Z exactly once and A = 0 on A. Let Y be the result of
attaching a Weinstein 2-handle to DT*S5? along U. Notice that there is now an
exact Lagrangian sphere S'in Y that is the union of A and the core of the 2-handle.
Let 75 be the Dehn twist about S and 7, be the Dehn twist about Z. The open
book (Y, 77 o 75) is a stabilization of the open book (DT*S?,77), [48], and thus
supports the same contact structure. Notice that (DT*S?, 7;) supports the standard
contact S° and in that contact manifold Z is the standard Legendrian unknot. Thus
(Y, 77 o 75) also supports (5%, £yq) and in this manifold both Z and S are standard
Legendrian unknots. This should be clear as Y is the plumbing of two copies of
DT*S? and S and Z are the zero sections of the two copies. Moreover, this open
book is the boundary of the Lefschetz fibration obtained from Y x D? by attaching
two Weinstein 3-handles along Z and S. The total space of this Lefschetz fibration
is a Weinstein 6-manifold, which we denote (F,w). Notice that DT*S? is obtained
by attaching a Weinstein 2-handle to the standard symplectic B* and Y is the result
of attaching a Weinstein 2-handle to DT*5?. It follows that (F,w) is simply the
standard symplectic BS, since Y x D? is obtained from the standard symplectic
BS by attaching two Weinstein 2-handles, and the Weinstein 3-handles, which are
attached to Y x D? along Z and S to obtain E, cancel them. We finally notice that

Xyi41 has an open book decomposition (Y, 77 o 75 o 72°).
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In [29, Section 4.1] Honda and Huang defined an operation S & Z on S and Z,
which produces a new Legendrian sphere that is a stabilization of Z. We note that
there is a technical hypothesis that S and Z must intersect {-transversely, that is,
their tangent spaces must span the contact hyperplane at an intersection point. But
this is clear as the contact hyperplanes are tangent to the fiber at SN~ and the inter-
section is transverse in the fiber. Now let X/, ., be the result of attaching Weinstein
3-handles to W along 2k + 1 copies of S & Z. The sphere S & Z is a stabilization
of Z which is the standard unknotted Legendrian sphere, thus it is a loose sphere
(a front diagram for S'& Z consists of “front spinning” a Legendrian arc with three
zig-zags, so it has a loose chart [40]). Hence X7, is a flexible Weinstein manifold
that is diffeomorphic to Xy, because the sphere S Z is smoothly isotopic to Z.

Next we claim that the contact structure on the boundary of the Weinstein 6
manifold X}, ,, is supported by the open book (Y, 77 o 75 o 740 4'). To establish this
we need to see that S & Z is realized by a Lagrangian on a page of the open book
(Y, 77 o 75). We show this in Lemma 4.4 below. Thus we are done with the proof
of Theorem 1.10 by noticing that X7, ., is iterated planar by Lemma 4.1, since the
binding dY is a lens space. O

Lemma 4.4. Suppose that S and Z are Legendrian 2-spheres in a contact 5-manifold
(M?®,€) which intersect &-transversely at a point. Suppose also that S and Z are both
Lagrangian on a page of an open book supporting (M®, ). Then the stabilized Legendrian
sphere S'W Z in (M?, ) can be realized as a Lagrangian on a page of this open book.

Proof. We begin by recalling the construction in [29, Section 4.1]. Consider R® with
the contact form a = dz—2y-dx—x-dy (Where x is (z1, x2) and y is (y1, y2)). There is
a neighborhood N of the transverse intersection point between the spheres Z and
S that is contactomorphic to a neighborhood of the origin in (R?, ker ) so that AN
goes to the x-plane and N N Z to the y-plane. One then embeds A = S! x R into
the hyperplane z = 0 so that it is Legendrian in (R°, ker ") (and also Lagrangian in
the symplectic hyperplane z = 0) and is asymptotic to Z on one end and S on the
other end. Looking at the S end, one can see that A is the 1-jet of some function fg
over x. Then using a cutoff function ¢, the 1-jet of ¢ fs deforms A so that it agrees
with S away from the intersection point. This can be done for the Z end too. Thus
removing disks from S and Z and inserting the portion of A we have constructed
Sy Z.

Now in our situation we notice that in this local model, the page of the open
book on which S and Z sit can be taken to be the z = 0 hypersurface. Thus A also
sits on the page. Notice that the image of d(¢f) in z = 0, is a Lagrangian annulus
in the page of the open book and S W Z is a graph over this (in the local model,
one just needs to change the z coordinate to f(x) above the point (x, dfx)). Thus
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we have constructed a Lagrangian Lg. in the page of our open book and S'& Z is
a graph over this Lagrangian.

Now we can isotope our monodromy map so that this construction takes place in
a neighborhood of the intersection point on which the monodromy is the identity.
If X were the Liouville form on our original page, then \, = A —td(¢f) is a family of
Liouville forms on the page and induce contactomorphic contact structures on the
manifolds. Moreover, Lgy7 is Legendrian with respect to the contact form induced
by Ao and the graph of (1 — t)¢f is Legendrian with respect to the contact form
induced by );. Thus we have an isotopy from SWZ in our original contact manifold
to the Legendrian Lgsy in the contact structure induced by )\, and there Lgy  is
also a Lagrangian on the page of the open book. O

We now turn to Proposition 1.11 that shows, contrary to what happens in di-
mension 3, that in higher dimensions there are iterated planar contact manifolds
that are strongly symplectically fillable but not Stein fillable.

Proof of Proposition 1.11. Let W] be the Stein domain which is the complement of a
neighborhood of a symplectic hypersurface %, of degree d > 1 in CP* and let 7,
denote the fibered Dehn twist in ;. Then, according to [11, page 423], the contact
manifold supported by the open book with page W; and monodromy 7, is con-
tactomorphic to (L3, &), where L5 denotes the lens space S°/Z,; and &, is obtained
by taking the quotient of ;. We conclude by [11, Theorem 6.3] that (L}, &) is of
Boothby-Wang type and therefore it is symplectically fillable by the corresponding
disk bundle (see [25, Lemma 3]), but this symplectic filling can not be Stein, since,
as was observed in [9, Example 6.5], for any d > 1, the lens space L} does not carry
any Stein fillable contact structures at all.

The binding of the above open book is given by the convex boundary of the
Stein page W;. Note that 9W; can be described as a circle bundle over 3, of Euler
number —[X,]? = —d?, and the induced contact structure on W} is of Boothby-
Wang type.

For the case d = 2, we have Wi = DT*RP? (2 CP?\ a quadratic), and thus

oWy = ST*RP® = L(4,1). Therefore, (L3, &) is an iterated planar contact 5-
manifold, which is symplectically fillable but not Stein fillable. O

Turning to overtwisted contact structures we consider Theorem 1.12 which we
recall says:

Theorem 1.12. If M is a 5—manifold with finite cyclic fundamental group of odd order
(including the trivial group) that is the boundary of a subcritical Stein domain, then every
overtwisted contact structure on M is iterated planar.
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More generally, if M is any 5—manifold that admits a subcritically fillable contact struc-
ture, then it admits an overtwisted contact structure that is iterated planar. If H*(M;Z)
is infinite, then there are infinitely many homotopy classes of almost contact structures for
which every overtwisted contact structure in any of these classes is iterated planar.

Proof. By the proof of Theorem 1.7, we know that each of the homotopy classes of
almost contact structures mentioned in the theorem is realized by a contact struc-
ture £ on M? that is supported by an iterated planar open book. Moreover, a neg-
ative stabilization of such an open book supports (M°#5° £#&or), and € and the
overtwisted contact structure {#{or are in the same homotopy class of almost con-
tact structures on M? [10, Theorem 1.1]. Notice that since both (M?, ¢) and (S°, éo7)
are iterated planar, so is (M°#S°, {#&or), by Theorem 1.6. O

Example 4.5. (Simply-connected contact 5—manifolds) Recall from the introduction
that the overtwisted contact structures on the simply connected 5-manifolds M, =
S5, My, = S? x S, and X, = S?xS%, are all iterated planar and each of these
5—manifolds also carry infinitely many iterated planar Stein fillable contact struc-
tures. However, we were unable to say anything about A}, for 1 < £ < oc.

The 5-manifold M, carries a Stein fillable contact structure 7, which is described
as a contact open book with Stein pages in [15, Section 7.2]. Specifically let X} be
the Stein domain given by the Legendrian surgery diagram depicted in Figure 3.
Notice that both knots in the diagram bound Lagrangian disks in B* and hence

k full twists

FIGURE 3. The Stein domain Xj.

there are Lagrangian spheres S; and S, in X, that come from capping these disks
off with the core disks of the 2-handles. Now consider the Stein manifold X}, x D?
and attach two Stein 3-handles to these spheres. This gives a Stein domain W
such that W), = M,. Moreover, we see that the contact structure 7 induced on M},
is supported by the open book (X}, 75, o 7g,).

Notice that the intersection form on X cannot embed in a diagonal negative
definite form for £ > 2. This says the contact structure on 90X}, is not planar as
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discussed in Item (3) in the introduction. Thus X}, does not have a planar Lefschetz
fibration and we cannot use the above open book to see that 7 is iterated planar.
In fact our guess is that 7, for 2 < k < oo is not iterated planar. Notice that 7, is
obviously iterated planar. For k = 2 the intersection form on X; does embed in
a diagonal negative definite form, but we still cannot determine if it has a planar
Lefschetz fibration.

Furthermore, for a simply connected 5-manifold M, homotopy classes of almost
contact structures are in one-to-one correspondence with integral lifts of w(M)
and the correspondence is given by associating to an almost contact structure its
tirst Chern class [24, Proposition 8.1.1] (note that this is true for simply connected
5—manifolds, as pointed out in an erratum, there are more subtleties in the general
case). It follows that M) admits a unique homotopy class of almost contact struc-
tures since H?(My;Z) = 0. Thus M, has a unique overtwisted contact structure.
For 1 < k < oo it is unclear whether these are iterated planar.

5. SYMPLECTIC COBORDISMS

Eliashberg [18] proved that any weak symplectic filling of a closed contact 3—
manifold can be symplectically embedded into a closed symplectic 4-manifold.
(Note that an alternate independent proof of this result was obtained by the second
author [20].)

As discussed in the introduction, Conway and the second author [14] and, inde-
pendently, Lazarev [32] have shown that caps for contact manifolds can always be
constructed (though it is still not clear if weak symplectic fillings of a contact man-
ifold can be embedded in closed symplectic manifolds). But in dimension 3, the
caps constructed in [18, 20] are more explicit, and so one might hope for new con-
structions of caps in higher dimensions that more closely follow the construction
in dimension 3.

After reviewing Eliashberg’s proof briefly, we discuss some partial generaliza-
tions to higher dimensions below. The first step in Eliashberg’s proof is the con-
struction of a cobordism W equipped with a symplectic form w such that oW =
—M U N with the following properties: M is a concave boundary component of
W, contactomorphic to the given weakly fillable contact 3-manifold and N admits
a fibration over S* such that the restriction of w|y to each fiber is symplectic. This
cobordism is obtained by a symplectic 2-handle attachment along the binding of
an open book adapted to the weakly fillable contact 3-manifold at hand. Then he
fills in this symplectic fibration over S* by a symplectic Lefschetz fibration over D?
to obtain a symplectic cap.
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The first step in Eliashberg’s program has already been carried out in higher di-
mensions by Dorner, Geiges, and Zehmisch [17], which we stated as Theorem 1.23
in the introduction. In order to construct a symplectic cap in higher dimensions,
one also needs to obtain an analogue of the second step of Eliashberg’s proof,
which we formulate as Question 5.1.

Question 5.1. For n > 1, assume that N is a (2n + 1)—-dimensional closed manifold
which is a boundary component of a symplectic manifold (W, w) so that (N,w|y) admits a
symplectic fibration over S*. Does there exist a symplectic manifold Z so that we can use
Z to cap off N?

Theorem 1.19 proved below gives a positive answer to this question in some
nontrivial cases. The simplest case when the answer is yes, is when the symplec-
tomorphism group of the fiber X in the symplectic fibration N — S is connected.
This is because we can take the monodromy of the symplectic fibration to be the
identity and cap off N by (X x D? w + wg), relying on Lemma 5.2.

Lemma 5.2. Let X be a closed symplectic manifold and ¢; : X — X, fori = 0,1, be
symplectomorphisms that are isotopic through symplectomorphisms. Let X, denote the
mapping torus of (X, ¢;). Then there is a symplectic manifold (W, w) such that

8W - —X¢O U X¢1,
and w induces the symplectic structures on the fibers of the mapping cylinders X, .

Proof. Let ¢, : X — X be the isotopy of symplectomorphisms. Consider X x R x
[0,1], and coordinates ¢ € R and s € [0, 1] on the last two factors. Notice that
) = w + dt A ds is a symplectic form on X x R x [0, 1]. Consider the map

U: X xRx[0,1] =X xRx|[0,1],
(p,t,5) = (¢s(p),t + 1, 8).

Notice that ¥*Q2 = w + dt A ds. So the map ¥ generates an action of Z on X x
R x [0, 1] by symplectomorphisms. So the quotient space W of X x R x [0, 1] by
this Z—action inherits a symplectic structure wy from €. Clearly this is the desired
cobordism carrying a symplectic structure. O

We now study when we can glue two symplectic cobordisms along a boundary
component that is a symplectic bundle over a circle. To that end we recall that a
stable Hamiltonian structure on a (2n-+1)—-dimensional oriented manifold M is a pair
(w, \) where w is a closed 2-form and A is a 1-form such that A A w™ > 0 and the
kernel of w is contained in the kernel of \. The Reeb vector field of such a structure is
the unique vector field R such that R is in the kernel of w and A\(R) = 1. Moreover,
given a stable Hamiltonian structure (w, A) on M we have its symplectization, which



ITERATED PLANAR CONTACT MANIFOLDS 27

is the symplectic manifold (R x M, w+d(t\)). If (w, A) and (', \') are stable Hamil-
tonian structures on M and M’, respectively, then a diffeomorphism f : M’ — M
satistying f*w = w’ and f*A = X induces a symplectomorphism between their
symplectizations.

Ifp: M — S'isabundle over S! and w is a closed 2-form on M that is symplectic
on each fiber, then (w, A = p*df) is a stable Hamiltonian structure. We note that
such bundles have a standard form. Choose a fiber I, = p~1(6,) and let w, denote
the restriction of w to Fj,. Let ¢ : Fy — F{ be the first return map of the flow of the
Reeb vector field R. Since it is clear that the flow of X preserves w, we see that ¢ is
a symplectomorphism of (Fp,wp). We can now form the mapping cylinder C,, by
taking the quotient of Fi x R by the action of Z generated by (p,t) — (¢(p),t —27).
The pull-back of wy to Fyy x R (which we still denote by wy) is invariant under this
action, so induces a form (still denoted wy) on C,. Moreover, the from dt descends
to a 1-form, which we call df, on C, and hence (wy, df) is a stable Hamiltonian
structure on C,. One may use the identification of F, with a fiber of p : M — S!
and the flow of R to construct a diffeomorphism f : Cy — M that pulls back
(w, dB) to (wy, dl). The upshot is that all symplectic bundles over S* are equivalent,
as stable Hamiltonian structures, to a mapping cylinder.

We now observe that symplectic bundles over circles in the boundary of a sym-
plectic manifold have standard neighborhoods. This is essentially Lemma 10 from
[17].

Lemma 5.3. Let (W, w) be a symplectic manifold with a boundary component M such
that p : M — S is a bundle and w is a symplectic form on each fiber of p. Let w’ denote
the restriction of w to M. Then there is a neighborhood (—e, 0] x M of M in W such that w
takes the form W' +dt Ap*df. In particular, a neighborhood of M in W is symplectomorphic
to a piece of the symplectization of the stable Hamiltonian structure (w', A = p*df) on M.

Remark 5.4. If in the statement of the Lemma 5.3 we had —M being a boundary
component of W, then the conclusion would be a neighborhood [0, €) x M with the
same properties.

Proof of Lemma 5.3. Choose any identification of a neighborhood of M in W with
(—0,0] x M, so that we have a projection from this neighborhood to S'. Denote
the pull-back of df by dff and let X be the unique vector field on the neighborhood
such that txw = df. We claim that X transversely points out of M. To see this
let R be the Reeb field of (v, \) and compute w(X, R) = A(R) = 1. Therefore,
X cannot be tangent to M since R is in the kernel of w restricted to M. Since the
flow of X preserves w we can use the backwards flow of X to create the desired
neighborhood. 0
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The above results will be used in the next section to study caps for some contact
manifolds supported by projective open books. For now we turn to the construc-
tion of symplectic cobordisms between contact manifolds. In particular, we prove
Theorem 1.22, which says: let (M, £) be a (2n+ 1)-dimensional closed contact man-
ifold supported by an open book decomposition with page F', binding B = 9F
and monodromy ¢. Suppose that X is an exact symplectic cobordism such that
0X = —B U B'. Then there exists a strong symplectic cobordism

W =M x[0,1] U X x D?

BxD2x{1}=8_XxD?

such that OW = 0_-W U 0, W with 0. W = —M and 0, W = M’ where (M’ &)
is supported by the open book with page F' U X, binding B’ and monodromy ¢’
which is identity on X and agrees with ¢ on F.

Proof of Theorem 1.22. If d is the exact symplectic form on the given cobordism X,
then d)\' is an exact symplectic form on X x D? where N = A+ xdy — ydz. Let V
denote the Liouville vector field of A on X. It follows that

1 0 9,
7 = N r=—+y=—
V+2 (x8x+y3y)

is the Liouville vector field for M’ on X x D2. Notice that
I(X x D*) = (X x D*) U (0_X x D*)U (0, X x D?).

We consider M x [0, 1] as a part of the symplectization of (M, £) and using Z we
glue the symplectic manifold (X x D? d)\') to M x [0, 1] by identifiying B x D* x {1}
with 0_X x D? as follows. The gluing of X x D? can be viewed as a generalized
handle attachment, which we depicted in Figure 4 below. In particular, the dark
green on the left is obtained by the flow of Z applied to the lower boundary, 0_X x
D? (actually we apply it to 9_X x D’ where D' is a slightly smaller disk in D? as
indicated in Figure 4). Therefore, it is part of the symplectization of 9_X x D?,
and thus it can be identified with part of the symplectization of B x D* = 9_X x
D? in the symplectization of M. As a result (after rounding corners) we get the
symplectic cobordism W indicated in the theorem.

To finish the proof we need to check that the upper boundary (M’,¢’) of the
cobordism W is supported by the open book described in the theorem. First we
observe that the fibration of the complement of Bx D? in M extends to a fibration of
the complement of B’ in M’. This is because while attaching the “handle” X x D?,
we perform a surgery on M removing B x D? and gluing in (X x dD?)U (9, X x D?)
so that B x {p} is identified with 0_X x {p} for each p € 9D?. This shows that M’
admits an open book with page F' U X, binding B’ and monodromy ¢" which is
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A

T/

FIGURE 4. The “handle” attachment. The green on the leftis X x D
The red lines represent the flow lines of the Liouville field Z. The
blue is the smoothed boundary of the handle we want to attach. The
actual handle is depicted on the right.

identity on X and agrees with ¢ on F'. The contact structure £’ on M’ can be given
by the kernel of the 1-forms A\ + zdt — ydz on ;X x D? X on X x 0D? and
the original contact form on M minus B x D?, respectively. These contact forms
are clearly supported by the pages of the open book. One may easily check with
a local model that when we “rounded corners” to construct the cobordism the
compatibility is preserved. O

6. PROJECTIVE CONTACT MANIFOLDS

We begin this section with a quick proof of Theorem 1.17 which says that an
iterated planar contact 5-manifold is projective. See Section 1.2 for the relevant
definitions.

Proof of Theorem 1.17. The Weinstein page of an iterated planar open book support-
ing a contact 5—manifold (M?, §) is a symplectic filling of the planar binding of the
open book. In the proof of Theorem 4.1 in [20], the second author has shown that
any symplectic filling of a planar contact manifold embeds in a blowup of 5% x S?,
and by possibly blowing up again we can assume that there is at least one blowup.
But of course such a manifold is symplectomorphic to CP? blowup some number
of times, which shows that the iterated planar open book above is projective, and
hence (M?,§) is projective. O

We now turn to building caps for some projective contact 5-manifolds. Specif-
ically, we will prove Theorem 1.19 which says that if (M?,¢) is supported by an
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open book whose page embeds as a convex domain in CPz#nﬁ2 for n < 4, then
(M, €) has a symplectic cap that contains an embedded CP*#,CP”.

Proof of Theorem 1.19. Suppose (M?, §) is supported by the open book (X, ¢) where
X embeds as a convex domain in F' = (CPZ#N@2 for n < 4. Then we can ap-
ply Theorem 1.23, using the symplectic cap ¥ = F'\ X, to build a symplectic
cobordism W from (M, €) to M’, where M’ is a symplectic F-bundle over S*. Let
$ : F' — F be the monodromy of this bundle.

In [34, Theorem 1.8], Li and Wu proved that for any symplectomorphism f :
F — F, there are Lagrangian spheres in F' such that f acts the same on homology
as a composition of Dehn twists about these spheres. In [33, Theorem 1.1], Li,

Li, and Wu showed that for (CPZ#,L(C_P2 with n < 4, if a symplectomorphism acts
trivially on the homology of F' then it is symplectically isotopic to the identity map.
This of course implies that f is symplectically isotopic to a composition of Dehn
twists about the Lagrangian spheres. Let S; denote the Lagrangian spheres one
gets when we apply this construction to ® .

Now one can take the trivial Lefschetz fibration /' x D? and attach symplectic
3-handles along the spheres S; in different fibers of F' x S! to get a symplectic
Lefschetz fibration W’ over D? so that the monodromy ¥ for 9W’ is a composition
of Dehn twists about the S; (see Construction 2.9).

Next we apply Lemma 5.2 and 5.3 to the isotopy from ® to U~' to extend the
above symplectic cobordism W to go from (M, ) to a symplectic F'-bundle over
S* with monodromy ¥~'. Now the diffeomorphism from —M = W’ to M’ C OW
given by

F x 0,1/ ~y = F x[0,1]/ ~g

(p,t) = (p, 1 =1)
is a symplectomorphism on the fibers. Thus we can use Lemma 5.3 to glue W and
W’ together along M’ to get the symplectic cap for (M, ¢). O
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