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2. HOMEWORK #2; DUE FRIDAY 03 MAY

Notation. Given a closed ball B,(a) of center a and radius 7 > 0, we denote by B,(a)
the ball of center a and radius 5r.

Exercise 2.1 (x). Let f : RY — [—00,+00] be a LYmeasurable function. Show that if
f € L®RY) then || f|loo = infaso {a: Ar(a) =0}.

Exercise 2.2. Let f € L'(R?) be such that ||f||1 > 0. Show that there exist C, R > 0 such
that M(f)(z) > Cla|~? for |x| > R. Hence, |Mf||;1 = +oo and Ay (p)(e) > C' /o when o
18 small, so the estimate in the maximal theorem is essentially sharp.

Exercise 2.3. For f : R? — [—o0,00], we define
1
M. (f)(z) = sup / |f()|dy : € B, BCR%is a non degenerate ball j.
5 LLYB) Jp

Show that M(f) < M.(f) < 2¢M(f).

Exercise 2.4. Let N be sets of finite Lebesgue measure.
(i) Show that if LYAN) = O then for every d,e > 0, there exists a family {B;}32; of
disjoint non degenerate closed balls such that diam(B;) < 9,

[e.e]
N CcU2,B; and Zﬁd(Bl-) < €.
i=1

(ii) Show that if A C R? is a set of finite Lebesque measure then for every 6,¢ > 0 there
exists a family {C;}52, of disjoint non-degenerate closed balls such that diam(Cj) <
d and there exists a family {B;}5°, of disjoint non degenerate closed balls such that
diam(B;) < d and

AC (U G U (VR B), Do LUC) +5" Y LB < LYA) + 2.
Jj=1 i=1

(iii) Conclude that if A C RY is a set of finite Lebesque measure then
d _ d
£4(A) _12f{ Sr (B)},
BeF
where the infimum is performed over the set of F, made of countably many non

degenerate pairwise disjoint closed balls of radius less than 0, whose union covers A.

Exercise 2.5 (x). Let f : RY — RY be an [-Lipschitz function. Show that if A C R? then
£9(7(A)) < 19L9(A).
1
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Exercise 2.6 (). Let O C R? be an open set and let f € C1(O,R?). Let a € O and denote
by By(a) the closed ball of radius r, centered at a and by D,(a) the interior of By(a). Set

L(z) := f(a) + Vf(a)(z — a).
Show that if det(V f)(a) > 0 then for r > 0 small enough

J(Br(@) € L(Briopy(@) and  L(By(a)) € f(Bryory(a)).
Hint. By the inverse function theorem, there exists ro > 0 such that By,(a) C O, f(Dy(a))

is open, f: Dy,(a) = f(Dr,(a)) is a bijection with a continuous inverse.

Exercise 2.7 (x). Let f : RY — R? be a |-Lipschitz function. We learned that if A C RY

is L%-measurable then y — H° (f_l(y) N A) is a L% -measurable function and so, we can
define

i) = [ HO( ) 0 )y,

Show that [i can be extended to an outer measure i which is a Radon measure on R%. Show
that every L% -measurable set is pu-measurable.
Exercise 2.8 (*). Let f: R? — R? and pu be as in Evercise 2.7.

(i) Show that u << L (u is absolutely continuous with respect to L).

(ii) Show that if we further assume that f € CY(R%R?) and a € R? is such that

det(Vf(a)) > 0, then
L4 f(B L4[L(B
(B @) EL(B)]
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