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§1 Introduction

In one dimension the stable autoregressive model has had much success in time series

analysis with applications to prediction theory and analysis of speech. It is well known

that given complex numbers c−k = ck, k = 0, . . . , n, a necessary and sufficient condition

for the existence of a stable autoregressive process with autocorrelation coefficients ck is

that the Toeplitz matrix (ck−l)n
k,l=0 be positive definite. Moreover, the filter coefficients

may be found via the celebrated Yule-Walker equation.

A closely related problem is that of filter design. A common approach to the frequency

domain design of one dimensional recursive digital filters is to find the squared magni-

tude response of an ARMA filter that best approximates the desired response. Spectral

factorization is then performed to find the unique minimum-phase filter that upon taking

its magnitude square gives back the original response. Such a filter is, by construction,

stable. Note that this factorization is usually accomplished by transforming the squared
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magnitude function into a polynomial then finding its roots. This technique uses the fun-

damental theorem of algebra which says that every polynomial may be factored over the

complex numbers into a product of linear factors. In more than one variable there is no

fundamental theorem of algebra.

In this paper we address the stable autoregressive filter representation problem for

bivariate processes and the two variable spectral factorization problem for the squared

magnitude response function. For the stable autoregressive filter representation problem

we are given real (or complex) numbers ck,l where the indices (k, l) range in a finite set Λ+,

i.e. Λ+ = {0 ≤ k ≤ n, 0 ≤ l ≤ m}. The objective is to construct a stable autoregressive

filter that yields a bivariate stationary process with autocorrelation coefficients ck,l. In a

recent paper [15] two of the authors gave necessary and sufficient conditions on the bi-

Toeplitz matrix Γ = (ck−r,l−s)(k,l),(r,s)∈Λ+ so that such a filter exists. Unlike in the one

dimensional case the positive definiteness of the above matrix is not sufficient to guarantee

the existence of a stable filter. Also unlike the one dimensional case there are entries in Γ

that are not just the complex conjugate of the coefficients cl,k, (l, k) ∈ Λ+. In this paper

we present global estimation schemes that allows one to construct the missing entries in

the matrix Γ if they exist, and subsequently the stable filter associated with this process.

For the spectral factorization problem instead of using the cepstrum we will use the

impulse response function (Fourier coefficients) associated with one over the magnitude

squared function. With this impulse response function we construct Γ given above and if

it satisfies certain conditions given below we construct a stable spectral factor for the two

variable magnitude squared function.
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Given that the amount of computation needed for finding suitable filters for two variable

problems can be prohibitive there has been recent effort to develop fast algorithms to

compute least squares solutions [18]. Other algorithms exploit structures inherent in the

system to help speed up computations [6]. These algorithms however are not guaranteed

to give stable filters that give the prescribed correlation coefficients.

The layout of the paper is as follows. In section 2 we review the theoretical results

regarding the stable autoregressive filter representation problem for bivariate processes

and the two variable spectral factorization problem for the squared magnitude response

function. In sections 3 and 4 we present two different techniques for solving the stable

autoregressive filter representation problem numerically. In the case of real data, the

numerical schemes discussed in section 3 and 4 have been implemented in Matlab, and in

section 5 we present the outcome of a series of numerical experiments. In section 6 we apply

the theoretical results in Section 1 regarding the factorization of the squared magnitude

response function and show numerical data. The algorithm checks whether the squared

magnitude function has a stable spectral factor and if so we compute this factor. This is

accomplished by examining the impulse response function (Fourier coefficients) associated

with one over the squared magnitude function. In section 7, we discuss briefly the case of

complex data. Finally, in section 8 we draw conclusions.

§2 Theoretical Results

Let X = {xk,l : (k, l) ∈ Z
2} be a second-order zero-mean stationary stochastic process of

two discrete variables. In particular, E(xk,l) = 0 and E(xk,lx̄p,q) = E(xk+t,l+sx̄p+t,q+s) for

all k, l, p, q, t, s ∈ Z. Let Λ+ = {0, . . . , n} × {0, . . . , m}. We recall the definition (see, e.g.,
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[5], [17]) of autoregressive (AR) processes. A second-order zero-mean stationary stochastic

process X is said to be AR(Λ+) if there exists complex numbers akl, (k, l) ∈ Λ+ \ {(0, 0)},

so that for every t and s,

(2.1) xt,s +
∑

k,l∈Λ+

(k,l)6=(0,0)

aklxt−k,s−l = et,s, (t, s) ∈ Z
2,

where {ek,l ; (k, l) ∈ Z2} is a white noise zero mean process with variance σ2. Let H =

{(n, m) : n > 0 or (n = 0 and m > 0)} be the standard halfspace in Z2. The AR(Λ+)

process is said to be causal if there is a solution to equations (2.1) of the form

(2.2) xt,s =
∑

k,l∈H∪{(0,0)}
φk,let−k,s−l, (t, s) ∈ Z

2,

with
∑

k,l∈H∪{(0,0)}
|φk,l| < ∞. It is not difficult to see that the AR(Λ+) process X is causal

if and only if its associated pseudopolynomial

p(z, w) = 1 +
∑

k,l∈Λ+

(k,l)6=(0,0)

aklz
kwl

is stable, i.e., p(z, w) 6= 0 (z, w) ∈ ({0}×D)∪(D×T) (see [14]), where D = {z ∈ C : |z| < 1},

T = {z ∈ C : |z| = 1}, and D = D ∪ T. In [15] it was proven that the stability of p is

equivalent to the statement that p(z, w) 6= 0, (z, w) ∈ D × D. Using this equivalence it

follows that a causal AR(Λ+) process is in fact quarterplane causal, which by definition

means that there is a solution to equations (2.1) of the form

(2.3) xt,s =
∑

k,l≥0

(k,l)6=(0,0)

φk,let−k,s−l, (t, s) ∈ Z
2,
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Thus we see that it is important to develop criteria for when a polynomial of two variables

is stable. Conditions for stability have been extensively investigated [23], [10], [12], [13]

and more recently in [2]. In [15] a set of three one dimensional tests were developed that

characterize whether or not a two variable polynomial is stable.

The bivariate autoregressive filter design problem is the following. Given are autocorre-

lation elements

ck,l = E(xk,lx̄0,0), (k, l) ∈ Λ+.

What conditions must the autocorrelation coefficients satisfy in order that these are the

autocorrelation coefficients of a causal AR(Λ+) process? And in that case, how does one

compute the filter coefficients ak,l, (k, l) ∈ Λ+ \ {(0, 0)} and σ2?

The following characterization for the existence of a causal solution for an AR(Λ+)

process was obtained in [15].

Theorem 2.1. [15] Let Λ+ = {0, . . . , n} × {0, . . . , m}, and let ck,l, (k, l) ∈ Λ+, be given

complex numbers. There exists a causal AR(Λ+) process with the given autocorrelation

elements if and only if there exist complex numbers ck,l, (k, l) ∈ {1, . . . , n}× {−m, . . . , 1},

so that the (n + 1)(m + 1) × (n + 1)(m + 1) doubly indexed Toeplitz matrix

Γ =

 C0 · · · C−n

...
. . .

...
Cn · · · C0

 ,

where

Cj =

 cj0 · · · cj,−m

...
. . .

...
cjm · · · cj0

 , j = −n, . . . , n,

and c−k,−l = ck,l, has the following two properties:

(1) Γ is positive definite;



STABLE 2D AR FILTER DESIGN 7

(2) the inverse of the (nm + n + m) × (nm + n + m) matrix Γ̃ obtained from Γ by

removing its first scalar row and first scalar column, satisfies

(2.4) (Γ̃−1)qr = 0, q ∈ {m + 1, 2(m + 1), . . . , n(m + 1)}, r ∈ {1, . . . , m}.

In this case one finds the vector

1
σ2

[anm · · ·an0 · · · a0m · · ·a01 1]

as the last row of the inverse of Γ.

The above result, as was shown in [15], has an important consequence regarding the

question of stable factorization of a two-variable trigonometric polynomial f(z, w) =∑n
k=−n

∑m
l=−m fklz

kwl. For one-variable trigonometric polynomials f(z) =
∑n

i=−n fiz
i

it is the classical Riesz-Fejer lemma that states that as soon as f(z) ≥ 0, |z| = 1, one may

factor f as f(z) = p(z)p̄(1/z) where p(z) =
∑n

i=0 piz
i is a polynomial of degree n and

p̄(z) =
∑n

i=0 p̄iz
i. In fact, one may choose p(z) to have all its roots outside the open unit

disk. In case f(z) > 0 then p(z) may be chosen to have all its roots outside the closed unit

disk (i.e., p is stable), and one speaks of a stable factorization. It is easy to see that mere

positivity on the bi-circle does not suffice for a two-variable trigonometric polynomial to

have a stable factorization. The following result, which is a corollary of Theorem 2.1 (see

[15] for details), gives necessary and sufficient conditions when a stable factorization does

exist.

Theorem 2.2. [15] Suppose that f(z, w) =
∑n

k=−n

∑m
l=−m fklz

kwl is positive for |z| =

|w| = 1. Then there exists a polynomial p(z, w) =
∑n

k=0

∑m
l=0 pklz

kwl with p(z, w) 6= 0 for
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|z|, |w| ≤ 1, and f(z, w) = |p(z, w)|2 if and only if the matrix Γ as in Theorem 2.1 built

from the Fourier coefficients ck,l := 1̂
f (k, l) of the reciprocal of f , satisfies condition (2) of

Theorem 2.1. In that case, the polynomial may be found via pkl = bkl

b00
, where the vector

[b00 b01 · · · b0m · · · · · · bn0 bn1 · · · bnm]T

is the first column of the inverse of Γ. The polynomial p is unique up to multiplication

with a complex number of modulus 1.

In Section 6 we will apply this theorem to numerical examples.

§3 Newton Method

Since a solution to the 2D autoregressive filter problem is characterized by zeros in an

inverse, one may use the Newton method to find such a solution. In order to implement

this we use the observation that the (3,1) block entry of the inverse of (Aij)3i,j=1 equals

zero if and only if A13−A12A
−1
22 A23 = 0, provided the appropriate inverses exist. We shall

use the following notations. If A = (aij)i∈I,j∈J I, J ⊂ Z
2, then for K ⊆ I and L ⊆ J

we denote A(K, L) = (aij)i∈K,j∈L. For instance, in this notation, Γ = (ci−j)i,j∈Λ+ and

Γ̃ = Γ(Λ+ \ {(0, 0)}, Λ+ \ {(0, 0)}). In addition CK denotes the vector space of vectors

(ak)k∈K , where ak ∈ C.

We now introduce

S+ = {1, . . . , n} × {−m, . . . ,−1},

x = (ckl)kl∈S+ ∈ C
S+ , F (x) : C

S+ → C
n×m,

where

F (x) = Γ(v1, v3) − Γ(v1, v2)Γ(v2, v2)−1Γ(v2, v3),
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v1 = {1, . . . , n} × {0}, v2 = {1, . . . , n} × {1, . . . , m},

v3 = {0} × {1, . . . , m},

and Γ = Γ(x) is as in Theorem 2.1 viewed as a function of x. As an example, note that

when n = m = 2, then

F (x1,−2, x1,−1, x2,−1, x2,−2) =
(

x1,−1 x1,−2

x2,−1 x2,−1

)
−

(
c0,−1 c0,−2 c−1,−1 c−1,−2

x1,−1 x1,−2 c0,−1 c0,−2

)
×

×


c0,0 c0,−1 c−1,0 c−1,0

c0,1 c0,0 x1,−1 c−1,0

c1,0 x1,−1 c0,0 c0,−1

c1,1 c1,0 c0,1 c0,0


−1 

c1,0 x1,−1

c1,1 c1,0

c2,0 x2,−1

c2,1 c2,0

 ,

where as usual we have used the lexicographical ordering.

Notice that condition (2) in Theorem 2.1 is equivalent to F (x) = 0 (provided the

appropriate inverse exists). Consequently, we may perform the Newton method to find an

x∗ so that F (x∗) = 0, and if it so happens that Γ(x∗) > 0, then we have found a solution

to the 2D autoregressive filter problem. We have implemented the search for a solution

to F (x) = 0 by simply using the routine fsolve in Matlab. We chose the default, which

corresponds to a large-scale algorithm. This algorithm is a subspace trust region method

and is based on the interior-reflective Newton method described in [8], [9].

§4. The Barrier Method

A possible downside of the Newton method as described in the previous section is that

there is no guarantee that the solution is in the cone of positive definite matrices. An

alternative way to deal with this is to use the log barrier method, in which the function

log det is used as a barrier to prevent the iterates, starting from a positive definite matrix,

from leaving the cone of positive definite matrices. For exact details, see [21] or [4].
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Since the characterization in Theorem 2.1 (2) involves zeros in the inverse of the positive

definite matrix Γ̃ (= the matrix Γ without the first row and column), the problem is remi-

niscent of finding an analytic center of a linear matrix inequality A(x) = A(x1, . . . , xp) :=

A0+
∑p

i=1 xiAi > 0, say. Here Ai, i = 1, . . . , p, are real symmetric matrices. Typically the

analytic center A(x∗), is characterized by the optimality conditions traceA(x∗)−1Ai = 0

and is found by maximizing the function log det A(x) over the set {x : A(x) > 0}

(see Section 2.4.1 in [4]). Unfortunately for the case under consideration it is neces-

sary to modify the above optimality conditions. Indeed, the optimality conditions are

traceA(x∗)−1P (Ai) = 0, i = 1, . . . , p, where P (Ai) is obtained from Ai by making some

entries of Ai zero, in a manner to be explained below.

In order to conform to the setting in [4] we will write the matrices as affine matrix

functions. In particular, let x = (x1, . . . , xnm) = (ck,l)(k,l)∈{1,...,n}×{−m,...,−1} ∈ Cnm

denote the unknowns in one’s favorite ordering. With the x given above write Γ̃(x) =

A0 +
∑nm

i=1 xiAi, where A0 = Γ̃(0) and Ai = ∂
∂xi

Γ̃(x). For instance, when n = 2, and

m = 1, we find that x = (x1, x2) where x1 = c1,−1, and x2 = c2,−1. In this case using a

lexicographic ordering (our favorite choice), we have that

A0 =


c0,0 0 c1,0 0 c2,0

0 c0,0 c0,1 c1,0 c1,1

c1,0 c0,1 c0,0 0 c1,0

0 c1,0 0 c0,0 c0,1

c2,0 c1,1 c1,0 c0,1 c0,0

 , A1 =


0 1 0 0 0
1 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 0 0 0

 , A2 =


0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0

 .

Thus the rows here are indexed by Λ+ \ {(0, 0)} = {(0, 1), (1, 0), (1, 1), (2, 0), (2, 1)}. The

matrices P (Ai) that appear in the optimality conditions are obtained from Ai by leaving

the entries ((k1, l1), (k2, l2)) ∈ S := [({1, . . . , n} × {0}) × ({0} × {1, . . . , m})] ∪ [({0} ×

{1, . . . , m}) × ({1, . . . , n} × {0})] alone, and making the others equal to 0. Thus in the
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above example

P (A1) =


0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , P (A2) = A2.

Note that S corresponds exactly to the locations in Γ̃−1 that we want to equal 0. We let

the vector y denote these entries that lie in the lower triangular part, or in other words,

y = Γ̃−1({1, . . . , n} × {0}, {0} × {1, . . . , m}) =: (yij)n −1
i=1,j=−m.

We order y as a vector in C
nm with the same ordering that was used for x. In the example

above we would have that y = (y1,−1, y2,−1) where y1,−1 and y2,−1 are the ((1, 0), (0, 1))

and the ((2, 0), (0, 1)) entries of Γ̃−1. As the rows and columns of Γ̃−1 are indexed by

Λ+ \ {(0, 0)} and we have ordered that set lexicographically, these correspond to the (2,1)

and the (4,1) entries of Γ̃−1 when one would just number the rows and columns 1,2,3,4,5.

We now describe our algorithm. We begin with determining an x such that Γ(x) > 0

(we used SDPPACK [1] for this step). Next we perform the following while loop,

while ‖y‖ >tol, do

Hij = trace(Γ̃−1AiΓ̃−1Aj), H = (Hij)nm
i,j=1,

v = H−1y, δ =
√

vT y,

α = 1 if δ < 1/4 and
1

1 + δ
if δ ≥ 1/4,

x := x + αv, Γ̃ = A0 +
nm∑
i=1

xiAi,

y := Γ̃−1({1, . . . , n} × {0}, {0} × {1, . . . , m}).
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end{while}.

It follows from [21] (see also [3]) that the above procedure takes positive matrices to

positive matrices. To see this write A(z) = A(x) +
∑

(zi − xi)Ai. If A(x) > 0 write

Ã(z) = A(x)−1/2A(z)A(x)−1/2 and Ãi = A(x)−1/2AiA(x)−1/2. Put z = x+αv. Note that

(z − x)T H−1(z − x) = α2vT H−1v = α2δ2 < 1. But then

1 >(z − x)T H−1(z − x)

=
∑
i,j

(zi − xi)trace(A(x)−1AiA(x)−1Aj)(zj − xj)

= ||Ã(z) − I||2F > ||Ã(z) − I||2,

where ‖ · ‖F stands for the Frobenius norm. This implies that Ã(z) > 0, and hence

A(z) > 0.

Several experiments have been run with sizes up to n = m = 5. Experimental data are

presented in Section 5.

§5 Experimental results

In order to compare the Newton method and the barrier method we apply both methods

to collections {ck,l : (k, l) ∈ Λ+}. We generate such data according to the rule ckl =

1.8−k−l(2rand− 1), (k, l) ∈ Λ+ \ {(0, 0)}, c00 = 0.9 + |2rand− 1|. Here rand is Matlab’s

random generator, which produces a number between 0 and 1. When an algorithm (Newton

or barrier) is successful a number is computed quantifying the goodness of the fit. This

measure of the goodness of the fit is computed by associating with the AR-filter with



STABLE 2D AR FILTER DESIGN 13

coefficients ak,l and σ2, a polynomial

p(z, w) =
1
σ

∑
k,l∈Λ+

ak,lz
kwl,

where we set a0,0 = 1. Subsequently the Fourier coefficients f̂(k, l) of f = 1
|p|2 are ap-

proximated. The approximations for f̂(k, l) are obtained by first performing a 2D-fft on

(pkl)N−1
k,l=0 (where pkl denotes the (k, l)th coefficient of p; in particular, pkl = 0, (k, l) 6∈ Λ+).

This computes p(e
2πki

N , e
2πli

N ), k, l = 0, . . . , N−1. Next, f(e
2πki

N , e
2πli

N ), k, l = 0, . . . , N−1,

are computed, and a 2D-ifft is applied to those values, yielding approximations for f̂(k, l),

k, l = 0, . . . , N − 1. Unless specified otherwise, we took N = 64. Since the Fourier coeffi-

cients f̂(k, l) are supposed to coincide with the given data ckl, the goodness of the fit may

now be quantified by √ ∑
(k,l)∈Λ+

|f̂(k, l) − ckl|2 .

The computed goodness of fit quantities may be found in the columns “Newton fit” and

“barrier fit”, for the Newton and the barrier algorithm, respectively.

We now present our results.
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Data n m Newton Newton distance barrier barrier
set fit #iter between fit #iter

solutions

A 2 2 8.3274e− 15 26 7.3371e− 11 7.7233e− 11 154
B 2 2 1.3159e− 11 26 6.9607e− 11 6.0795e− 11 203
C 2 3 1.6257e− 10 52 1.0445e− 10 2.0332e− 10 377
D 2 3 2.5014e− 13 34 1.2866e− 10 1.2473e− 10 221
E 2 4 3.2353e− 14 42 3.5122e− 11 4.222e− 11 298
F 2 4 3.5427e− 14 42 9.0617e− 11 9.1178e− 11 317
G 2 5 1.9767e− 14 50 5.6561e− 11 6.5615e− 11 352
H 2 5 3.1553e− 13 51 1.1928e− 10 1.1189e− 10 442
I 3 2 4.1458e− 15 43 4.8987e− 11 4.3441e− 11 249
J 3 2 6.904e − 15 43 9.8957e− 11 9.0654e− 11 237
K 3 3 4.6912e− 15 58 9.827e− 11 8.2036e− 11 565
L 3 3 1.2545e− 05 59 7.4691e− 11 1.2545e− 05 424
M 3 4 8.7797e− 07 74 6.1487e− 11 8.7796e− 07 735
N 3 4 5.6098e− 13 74 1.0232e− 10 9.7676e− 11 413
O 3 5 2.4368e− 13 88 5.1368e− 11 5.3247e− 11 569
P 3 5 3.5533e− 13 70 6.3883e− 11 6.5833e− 11 526
Q 4 2 7.9025e− 14 42 5.992e− 11 5.5675e− 11 328
R 4 2 4.8735e− 15 42 2.8133e− 11 3.3248e− 11 271
S 4 3 2.2233e− 13 73 8.6311e− 11 9.3553e− 11 487
T 4 3 1.3002e− 14 74 9.8415e− 11 1.1244e− 10 486
U 4 4 7.0978e− 12 74 1.0448e− 10 1.0244e− 10 704
V 4 4 7.5379e− 13 74 6.5584e− 11 6.632e− 11 622
W 4 5 4.2006e− 12 90 7.1178e− 11 7.2428e− 11 829
X 4 5 0.15885 208 not computed not computed 1000
Y 5 2 3.0851e− 11 50 1.6934e− 10 1.5591e− 10 393
Z 5 2 7.5054e− 15 63 8.0711e− 11 8.814e− 11 412

AA 5 3 0.034452 107 not computed not computed 1000
BB 5 3 0.18486 584 not computed not computed 1000
CC 5 4 1.009e − 14 114 not computed not computed 1000
DD 5 4 4.7418 1392 not computed not computed 0
EE 5 5 16.56 457 not computed not computed 0
FF 5 5 5.5743e− 15 138 not computed not computed 1000

Notice that in the majority of the experiments (A-W,Y,Z) both methods reach the same

solution, and the Newton method does it in far fewer iterations. Let us look at the other
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experiments in further detail.

In experiment X the barrier method does not converge, and is stopped after 1000 it-

erations. The Newton method does converge to a matrix that satisfies condition (2) in

Theorem 2.1, but the matrix is not positive definite (-1.24014 is an eigenvalue). The latter

explains the fact that the Fourier coefficients fail to match (notice the goodness of fit of

0.15885). We suspect that in this case no solution exists, though we do not have a proof

for it.

In experiment AA the Newton method converges to a matrix that satisfies conditions

(1) and (2) in Theorem 2.1, however the goodness of fit of 0.034452 suggests that the

Fourier coefficients do not match. Since this would violate Theorem 2.1 we recomputed

the Fourier coefficients using grid size N = 512, and found a goodness of fit of 5.2901e-8.

Thus the Fourier coefficients match, but a better approximation to compute them was

necessary.

In experiment BB the Newton method stops after 584 iterations but fails to give a matrix

satisfying (2) in Theorem 2.1. Retrying it with another initial condition, the Newton

method fails to stop before the maximal number of iterations (1500). The barrier method

also fails to converge within the allotted number of iterations (1000). We suspect that in

this case no solution exists, though we do not have a proof for it.

In experiments CC and FF the Newton method converges to an answer, while the

barrier does not reach the required tolerance of 1e-10 within the allotted 1000 iterations.

In experiments DD and EE the semidefinite programming package fails to give a positive

definite completion Γ(x), and one may assume therefore that none exists. Consequently,
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condition (1) in Theorem 2.1 cannot be met and therefore the barrier method is not

initiated (0 iterations are recorded). Since in the Newton method we do not check for the

existence of a positive definite completion (although we clearly could) it does yield answers,

but they have no meaning (and, for instance, fail to match the Fourier coefficients).

§6 Two-variable Riesz-Fejer factorization

As explained in the first paragraph of Section 5, it is not hard to compute numerically

the Fourier coefficients of the reciprocal of a trigonometric polynomial. Thus, given a two-

variable trigonometric polynomial f(z, w), we may easily check numerically the condition

in Theorem 2.2 to see if f allow a stable factorization. Let us illustrate this on an example.

Example 6.1. Let f(z, w) =
∑2

i=−2

∑2
j=−2 ziwj(

∑2−|i|
r=0

∑2−|j|
s=0 2−2(r+s)−|i|−|j|). Com-

puting the Fourier coefficients of the reciprocal of f (using Matlab; truncating the Fourier

series at index 64), we get:

c0,0 = 1.6125, c0,1 = c1,0 = −0.6450, c0,2 = c2,0 = −0.0806, c1,−2 = 0.0322,

c1,−1 = 0.2580, c1,1 = 0.2580, c1,2 = c2,1 = 0.0322, c2,−2 = 0.0040,

c2,−1 = 0.0322, c2,2 = 0.0040,

where only the first four decimal digits show. In order to check (5.2) (where n = m =

2, q = 0) we compute

c0,0 c0,−1 c−1,1 c−1,0 c−1,−1 c−2,1 c−2,0 c−2,−1

c0,1 c0,0 c−1,2 c−1,1 c−1,0 c−2,2 c−2,1 c−2,0

c1,−1 c1,−2 c0,0 c0,−1 c0,−2 c−1,0 c−1,−1 c−1,−2

c1,0 c1,−1 c0,1 c0,0 c0,−1 c−1,1 c−1,0 c−1,−1

c1,1 c1,0 c0,2 c0,1 c0,0 c−1,2 c−1,1 c−1,0

c2,−1 c2,−2 c1,0 c1,−1 c1,−2 c0,0 c0,−1 c0,−2

c2,0 c2,−1 c1,1 c1,0 c1,−1 c0,1 c0,0 c0,−1

c2,1 c2,0 c1,2 c1,1 c1,0 c0,2 c0,1 c0,0



−1

=
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0.9375 0.3750 0.0000 0.4688 0.1875 0.0000 0.2344 0.0938
0.3750 0.9375 0.0000 0.1875 0.4688 0.0000 0.0938 0.2344
0.0000 0.0000 0.9375 0.4688 0.2344 0.3750 0.1875 0.0938
0.4688 0.1875 0.4688 1.3477 0.5625 0.1875 0.5625 0.2344
0.1875 0.4688 0.2344 0.5625 1.1719 0.0938 0.2344 0.4922
0.0000 0.0000 0.3750 0.1875 0.0938 0.9375 0.4688 0.2344
0.2344 0.0938 0.1875 0.5625 0.2344 0.4688 1.1719 0.4922
0.0938 0.2344 0.0938 0.2344 0.4922 0.2344 0.4922 0.9961


,

which has zeroes in the required positions. When we compute p(z, w) we find indeed an

answer close to the exact solution p(z, w) =
∑2

k,l=0 2−k−lzkwl.

Of course, in many cases the test will fail, and thus a stable factorization does not exist.

Example 6.2. Let f(z, w) = 1+ .3w + .4z + .15zw + .07z/w + .3/w + .4/z + .15/(zw)+

.07w/z. Then we obtain that c0,0 c−1,1 c−1,0

c1,−1 c0,0 c0,−1

c1,0 c0,1 c0,0

−1

=

 2.4422 0.7890 −1.3683
0.7890 2.4422 −1.0196
−1.3683 −1.0196 2.4422

−1

,

which has a nonzero (2,1) entry (namely -0.0653). Thus f(z, w) does not have a stable

factorization.

Of course, in Sections 3 and 4 we have developed algorithms that alter the coefficients

c−i,j , i = 1, . . . , n, j = 1, . . . , m, so that the corresponding inverse does have the required

zeros. It turns out though that this does not yield an answer close to the original trigono-

metric polynomial. For instance, in Example 6.2 this would correspond to altering the

value of c−1,1 = c1,−1 to equal 0.5712. Then, indeed, we do get the required zero in the

inverse. The first column of the inverse of Γ equals now

[0.7387 0.3229 0.4229 0.2025]T .

So, by Theorem 2.2 we find that the corresponding polynomial is given by

p(z, w) = 0.8595 + 0.3757w + 0.4920z + 0.2355zw.
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The corresponding trigonometric polynomial is

1.1774+0.4387/w+0.5113/z+0.2024/zw+.04387w+0.1848w/z+0.5113z+0.1848z/w+0.2024zw.

Clearly, this is not a desired factorable approximation of the original trigonometric poly-

nomial. It is the study of ongoing research how to construct more reasonable factorable

approximations.

§7 The complex case

Though we only implemented the algorithms when the given coefficients are real, one

may without much additional effort also do the complex case (that is, allowing ck,l ∈ C).

In that case, one may use the following simple observation to adjust the algorithms.

Lemma 7.1. The complex matrix A = B + iC, with B, C ∈ R
q×q, is positive definite (in-

vertible) if and only if the block matrix
[

B C
−C B

]
is positive definite (invertible). More-

over, if A−1 = D + iE with D, E ∈ Rq×q, then

(7.1)
[

B C
−C B

]−1

=
[

D E
−E D

]
.

Proof. Let W ∗ denote the complex conjugate transpose of W and WT the transpose of

W . First note that A = A∗ if and only if B = BT and C = −CT . Moreover, if C = −CT ,

we get that yT Cy = (yT Cy)T = −yT Cy and thus yT Cy = 0 for all y ∈ Rq. Let x ∈ Cq and

write x = y+ iz with y, z ∈ Rq. Then one easily checks that when A = A∗ (or equivalently,

B = BT and C = −CT ) we have that

x∗Ax = [ yT zT ]
[

B C
−C B

] [
y
z

]
.
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But then the equivalence of the positive definiteness of A and
[

B C
−C B

]
follows.

Next, if A is invertible and A−1 = D + iE with D, E ∈ Rq×q, it is straightforward to

check that (7.1) holds. Conversely, if
[

B C
−C B

]
has an inverse (Kij)i,j=1,2, then

[
K22 −K21

−K12 K11

]
=

[
0 −I
I 0

] [
B C
−C B

]−1 [
0 I
−I 0

]
=

[
K11 K12

K21 K22

]

and thus (Kij)i,j=1,2 has to be of the form (7.1). Let now Z = D + iE and one easily

checks that AZ = ZA = I. �

§8 Conclusions

In this paper we have developed effective numerical algorithms for solving the 2D au-

toregressive filter problem based on the characterizations developed in [15]. These char-

acterizations involve a positive definite matrix with a submatrix whose inverse contains

a zero block. Algorithms based on the Newton method and the log barrier method were

implemented using Matlab. An array of experiments have shown that the Newton method

is much faster than the log barrier method, even though in the Newton method there is no

guarantee that the final solution lies in the cone of positive definites. Another advantage

of the Newton method is that (at least so far) we were not required to compute an initial

value that lies in the cone of positive definites. Finally, we have decsribed and implemented

a test to check for stable factorability of positive two-variable trigonometric polynomials.
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