
 

Potosi Xn ER Xn is bounded Then there exists

a subsequence of Xn that is decreasing or

increasing

Proof Let an dub Xn Xna

An 3 Anti 3 Antz

an is an upper bound of Xna Antz 3

but Ana is the dub of Xna Xna I

anti Ean So an is a decreasing sequence
frombelow

Since Xn is bounded 7 C EIR sit An C.tn

But an Xn an c.tn

Thus an a glbfai.az
Case 1 7 NEIN s t AN A

a

Ntl N12

since a an an a tin N An _a Vn N



Let I new xn a

If I A then let his MC ni EI

So Xn Anz Xm A is a decreasing

subsequence of Xn

If I A then
Let M nmea n then An Fa t n M

Let L Max N M113 then if n 7 L An _a

and Xn CA

Let n L E An Xn O An A

so we can select Nz ni s t 11msXna

because An dub fan Xna I
We can keep doing it for Xni such that
Ani is an increasing subsequence of Xn

Case 2 An a An C IN



i

fl2 AM
t

A a but a dub Xi k I
Then I ni s t An a

since An a and decreasing I r n s t

Xn Ar 3 Xr

Select n z s r s n S t Ac Xn E Ar e Xp

We can keep doing that and have Ms na

s it As Ans E AR L Anz

So such Ani is a subsequence of Xn that is
decreasing to a

Corollary If Xn ER Xn is bounded then

7 Ani converges
Proof By the proposition I Ani that is



increasing or decreasing But since it is

also bounded Ani converges

Lemme SCR S is bounded and closed

S C Ui Ui open ti EI Then If 0

Sit V XE S I Ix C I sit XFactor c Vix

proof If the lemma is not true 7 An E S

sit Xn th Antti is not included in one of
the open sets Ui
Since 8 is bounded Xn ES Xnisbounded

Then 7 Xm X

Sina S is closed and Ani ES XE S

Since X E S C Ui I Io St XEVio

Sina Vio is open 7 E O sit CHE HEI
Xin Tho Xni YinoiothioC Uio T.IT xIe



Since Xm X I Mio s t IXinio AlCE
and hi s E
Then Ani hi XniothT c K E Xt E C Vio
This contradicts with that xn th Attn is not

included in one of the Ui HIEI

theorem If S C IR S is closed and founded

Then S is compact
Prooff Let Ui S S whereUi is open tie 1

From last lemma 7 or 0 St AXES I

ix C I sit IX O X 10 C Ulin

Let x mins glbls since S is closed

and S S Xi f Hito is closed

Let Xz Mins glbtSi since Si is closed

and Sz S K J Azt f 1s closed



Thus Xn X Cn 1 orif Sn t 0
Since S is bound Sn is 0 for some n
Thus So

i
Xi or Xitol

since each ix o ng its a Uig

Scg I xj r ng 01 a Eui Ning


