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Setting:

I 1 ≤ p, q ≤ ∞;

I ‖x‖p = (
∑n

j=1 |xj |p)1/p (`p-norm in Rn);

I p∗ – Hölder’s conjugate: 1
p + 1

p∗ = 1, so ‖ · ‖p∗ is the dual
norm of ‖ · ‖p;

I Bn
p is the unit ball of `p norm in Rn;

I ‖x‖p∗ = supt∈Bn
p

∑n
j=1 tjxj ;

I consider a random m × n matrix X = (Xi ,j)i≤m,j≤n with iid
entries Xi ,j .

Aim:
E‖X‖`np→`mq := E‖X : `np → `mq ‖ ∼ ?

f . g means f ≤ Cg , f ∼ g means 1
C
g ≤ f ≤ Cg .

E‖X‖`np→`mq = E sup
s∈Bm

q∗ ,t∈B
n
p

∑
i ,j

Xi ,jsi tj

Duality (p∗, q, n,m)←→ (q, p∗,m, n).
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In the Gaussian case we may apply the Chevet inequality:

E sup
s∈S,t∈T

∑
i≤m,j≤n

gi ,jsi tj

∼ sup
s∈S
‖s‖2 E sup

t∈T

n∑
j=1

gj tj + sup
t∈T
‖t‖2 E sup

s∈T

m∑
i=1

gi si .

Corollary:

E
∥∥(gi ,j)i≤m,j≤n

∥∥
`np→`mq

∼


m1/q−1/2n1/p

∗
+ n1/p

∗−1/2m1/q, p∗, q ≤ 2,
√
p∗ ∧ Log n n1/p

∗
m1/q−1/2 + m1/q, q ≤ 2 ≤ p∗,

n1/p
∗

+
√
q ∧ Logm m1/qn1/p

∗−1/2, p∗ ≤ 2 ≤ q,
√
p∗ ∧ Log n n1/p

∗
+
√
q ∧ Logm m1/q, 2 ≤ q, p∗

What if Xi ,j are exponential? Or, more generally, symmetric
Weibull r.v.’s with parameter r ∈ [1, 2]:

P(|Xi | ≥ t) = e−t
r

?



In the Gaussian case we may apply the Chevet inequality:

E sup
s∈S,t∈T

∑
i≤m,j≤n

gi ,jsi tj

∼ sup
s∈S
‖s‖2 E sup

t∈T

n∑
j=1

gj tj + sup
t∈T
‖t‖2 E sup

s∈T

m∑
i=1

gi si .

Corollary:

E
∥∥(gi ,j)i≤m,j≤n

∥∥
`np→`mq

∼


m1/q−1/2n1/p

∗
+ n1/p

∗−1/2m1/q, p∗, q ≤ 2,
√
p∗ ∧ Log n n1/p

∗
m1/q−1/2 + m1/q, q ≤ 2 ≤ p∗,

n1/p
∗

+
√
q ∧ Logm m1/qn1/p

∗−1/2, p∗ ≤ 2 ≤ q,
√
p∗ ∧ Log n n1/p

∗
+
√
q ∧ Logm m1/q, 2 ≤ q, p∗

What if Xi ,j are exponential? Or, more generally, symmetric
Weibull r.v.’s with parameter r ∈ [1, 2]:

P(|Xi | ≥ t) = e−t
r

?



In the Gaussian case we may apply the Chevet inequality:

E sup
s∈Bm

q∗ ,t∈B
n
p

∑
i≤m,j≤n

gi ,jsi tj

∼ sup
s∈Bm

q∗

‖s‖2 E sup
t∈Bn

p

n∑
j=1

gj tj + sup
t∈Bn

p

‖t‖2 E sup
s∈Bm

q∗

m∑
i=1

gi si .

Corollary:

E
∥∥(gi ,j)i≤m,j≤n

∥∥
`np→`mq

∼


m1/q−1/2n1/p

∗
+ n1/p

∗−1/2m1/q, p∗, q ≤ 2,
√
p∗ ∧ Log n n1/p

∗
m1/q−1/2 + m1/q, q ≤ 2 ≤ p∗,

n1/p
∗

+
√
q ∧ Logm m1/qn1/p

∗−1/2, p∗ ≤ 2 ≤ q,
√
p∗ ∧ Log n n1/p

∗
+
√
q ∧ Logm m1/q, 2 ≤ q, p∗

What if Xi ,j are exponential? Or, more generally, symmetric
Weibull r.v.’s with parameter r ∈ [1, 2]:

P(|Xi | ≥ t) = e−t
r

?



In the Gaussian case we may apply the Chevet inequality:

E sup
s∈Bm

q∗ ,t∈B
n
p

∑
i≤m,j≤n

gi ,jsi tj

∼ sup
s∈Bm

q∗

‖s‖2 E‖(gj)j≤n‖p∗ + sup
t∈Bn

p

‖t‖2 E‖(gi )i≤m‖q.

Corollary:

E
∥∥(gi ,j)i≤m,j≤n

∥∥
`np→`mq

∼


m1/q−1/2n1/p

∗
+ n1/p

∗−1/2m1/q, p∗, q ≤ 2,
√
p∗ ∧ Log n n1/p

∗
m1/q−1/2 + m1/q, q ≤ 2 ≤ p∗,

n1/p
∗

+
√
q ∧ Logm m1/qn1/p

∗−1/2, p∗ ≤ 2 ≤ q,
√
p∗ ∧ Log n n1/p

∗
+
√
q ∧ Logm m1/q, 2 ≤ q, p∗

What if Xi ,j are exponential? Or, more generally, symmetric
Weibull r.v.’s with parameter r ∈ [1, 2]:

P(|Xi | ≥ t) = e−t
r

?



In the Gaussian case we may apply the Chevet inequality:

E sup
s∈Bm

q∗ ,t∈B
n
p

∑
i≤m,j≤n

gi ,jsi tj

∼ sup
s∈Bm

q∗

‖s‖2 E‖(gj)j≤n‖p∗ + sup
t∈Bn

p

‖t‖2 E‖(gi )i≤m‖q.

Corollary:

E
∥∥(gi ,j)i≤m,j≤n

∥∥
`np→`mq

∼


m1/q−1/2n1/p

∗
+ n1/p

∗−1/2m1/q, p∗, q ≤ 2,
√
p∗ ∧ Log n n1/p

∗
m1/q−1/2 + m1/q, q ≤ 2 ≤ p∗,

n1/p
∗

+
√
q ∧ Logm m1/qn1/p

∗−1/2, p∗ ≤ 2 ≤ q,
√
p∗ ∧ Log n n1/p

∗
+
√
q ∧ Logm m1/q, 2 ≤ q, p∗

a ∨ b = max{a, b}, a ∧ b = min{a, b},
Log n = 1 ∨ ln n
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Theorem (Lata la–S., 2023)

Let Xi ,j , Xi , Xj , 1 ≤ i ≤ m, 1 ≤ j ≤ n be iid symmetric Weibull
r.v.’s with parameter r ∈ [1, 2]. Then

E sup
s∈S ,t∈T

∑
i≤m,j≤n

Xi ,jsi tj

∼ sup
s∈S
‖s‖r∗ E sup

t∈T

n∑
j=1

Xj tj + sup
s∈S
‖s‖2 E sup

t∈T

n∑
j=1

gj tj

+ sup
t∈T
‖t‖r∗ E sup

s∈S

m∑
i=1

Xi si + sup
t∈T
‖t‖2 E sup

s∈S

m∑
i=1

gi si

∼ sup
s∈S
‖s‖r∗ E sup

t∈T

n∑
j=1

Xj tj + sup
t∈T
‖t‖r∗ E sup

s∈S

m∑
i=1

Xi si

+ E sup
s∈S ,t∈T

∑
i≤m,j≤n

gi ,jsi tj .



E
∥∥(Xi ,j)i≤m,j≤n

∥∥
`np→`mq

∼



m1/q−1/2n1/p
∗

+ n1/p
∗−1/2m1/q, p∗, q ≤ 2,

(p∗ ∧ Log n)1/rn1/p
∗
m(1/q−1/r)∨0

+
√
p∗ ∧ Log n n1/p

∗
m1/q−1/2 + m1/q, q ≤ 2 ≤ p∗,

n1/p
∗

+ (q ∧ Logm)1/rm1/qn(1/p
∗−1/r)∨0

+
√
q ∧ Logm m1/qn1/p

∗−1/2, p∗ ≤ 2 ≤ q,

(p∗ ∧ Log n)1/rn1/p
∗

+ (q ∧ Logm)1/rm1/q, 2 ≤ p∗, q.
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(p∗ ∧ Log n)1/rn1/p
∗
m(1/q−1/r)∨0

+
√
p∗ ∧ Log n n1/p

∗
m1/q−1/2 + m1/q, q ≤ 2 ≤ p∗,

n1/p
∗

+ (q ∧ Logm)1/rm1/qn(1/p
∗−1/r)∨0

+
√
q ∧ Logm m1/qn1/p

∗−1/2, p∗ ≤ 2 ≤ q,
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∗
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E
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∼



m1/q−1/2n1/p
∗

+ n1/p
∗−1/2m1/q, p∗, q ≤ 2,

(p∗ ∧ Log n)1/rn1/p
∗
m(1/q−1/r)∨0

+
√
p∗ ∧ Log n n1/p

∗
m1/q−1/2 + m1/q, q ≤ 2 ≤ p∗,

n1/p
∗

+ (q ∧ Logm)1/rm1/qn(1/p
∗−1/r)∨0

+
√
q ∧ Logm m1/qn1/p

∗−1/2, p∗ ≤ 2 ≤ q,

(p∗ ∧ Log n)1/rn1/p
∗

+ (q ∧ Logm)1/rm1/q, 2 ≤ p∗, q.

The Chevet-type inequality also yields two-side bounds for

E
∥∥(ai ,jXi ,j)i≤m,j≤n

∥∥
`np→`mq

,

where ai ,j ’s are deterministic.



What happens when Xi ,j = εi ,j (iid random signs)? ”r =∞”

Theorem (Bennett–Goodman–Newman, 1975)

E‖X : `n2 → `mq ‖ .q max{n1/2,m1/q}.

Corollary

E
∥∥(εi ,j)i≤m,j≤n

∥∥
`np→`mq

∼p,q


m1/q−1/2n1/p

∗
+ n1/p

∗−1/2m1/q, p∗, q ≤ 2,

m1/q−1/2n1/p
∗

+ m1/q, q ≤ 2 ≤ p∗,

n1/p
∗

+ n1/p
∗−1/2m1/q, p∗ ≤ 2 ≤ q,

n1/p
∗

+ m1/q, 2 ≤ p∗, q.

What is the dependence on p and q?
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In the case when Xi ,j are Weibulls with r ∈ [1, 2] or random signs:

E
∥∥(Xi ,j)i≤m,j≤n

∥∥
`np→`mq

∼ m1/q sup
t∈Bn

p

∥∥∥ n∑
j=1

tjX1,j

∥∥∥
q∧Logm

+ n1/p
∗

sup
s∈Bm

q∗

∥∥∥ m∑
i=1

siXi ,1

∥∥∥
p∗∧Log n

.

Is it true for other random variables?

Assume that Xi ,j satisfy

‖Xi ,j‖2ρ ≤ α‖Xi ,j‖ρ for all ρ ≥ 1. (α-reg)

Then
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Assume that Xi ,j satisfy

‖Xi ,j‖2ρ ≤ α‖Xi ,j‖ρ for all ρ ≥ 1. (α-reg)

Then

P
(

sup
t∈T

∣∣∣ n∑
i=1

tiXi

∣∣∣ ≥ C1(α)
(
u + E sup

t∈T

∣∣∣ n∑
i=1

tiXi

∣∣∣))

≤ C2(α) sup
t∈T

P
(∣∣∣ n∑

i=1

tiXi

∣∣∣ ≥ u

)
,
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Proposition (Lata la–Strzelecka 2023+)
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In the square case (m = n) (?) is equivalent to
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and it holds.
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Theorem (Lata la–S., 2023+)

Assumption (α-reg) implies (?) provided that one of the following
conditions holds:

(i) p∗, q ≤ 2,

(ii) p∗, q ≥ 3,

(iii) p∗ ≤ 3 ≤ C (α) ≤ q or q ≤ 3 ≤ C (α) ≤ p∗,

(iv) p∗ ≥ Log n or q ≥ Logm,

(v) n = m,

(vi) Xi ,j are (σ‖Xi ,j‖2)-subexponential (in this case the constant
in the upper bound depends also on σ).
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Theorem (Lata la–S., 2023+)

If m = n, then
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{
n1/q+1/p∗−1/2‖X1,1‖2, p∗, q ≤ 2,

n1/(p
∗∧q)‖X1,1‖p∗∧q∧Log n, p∗ ∨ q ≥ 2.

Proof. It suffices to consider q ≥ p∗ ≥ 2. LHS is non-increasing
with q, so it suffices to consider 3 ≥ q = p∗ ≥ 2.
OK for q ∈ {2, 3}, so we may interpolate along the diagonal.
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Idea of a proof in the rectangular case

T1 = Bn
p ∩ k−1/pBn

∞, T2 = {t ∈ Bn
p : |supp(t)| ≤ k}.

Then Bn
p ⊂ T1 + T2.
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Proof of the lemma

W.l.o.g. Xi ,j ’s are symmetric and k Log n ≤ n.

T0 ⊂ T ⊂ {t : |suppt| ≤ k}.

T0 – a 1
2 -net in T w.r.t. `p-metric.

|T0| ≤
(n
k

)
5k ≤ (5n)k = ed ,

where d ∼ k ln n. Then
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