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Duality (p*, g, n, m) <— (q, p*, m, n).



In the Gaussian case we may apply the Chevet inequality:

sup Z gijsitj
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~ sup Hs||21Esup Zgltl + sup | t|l2 E sup Zg,s,.
seS teT j=1 SETI 1
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In the Gaussian case we may apply the Chevet inequality:

sup Z 8ijSitj

seB *,teB

P i<mj<n
~ 5?:13% Isll2 Ell(g))j<nllp~ + e Itll2 Ell(g)i<mllq-
Corollary:
E||(gi)i<mj<nll s
ml/a=1/2p1/p* 4 pl/p"~1/2m1/q p*.q <2,
Vp* ALogn nt/P"mt/a-1/2 L mi/a g <2< p*,
n'/P" + /g ANLogm mt/ant/P =12 p* <2<q,

Vp* ALogn n'/P" + /g A Logmm/9, 2 < q,p*

aV b= max{a, b}, aA b= min{a, b},
Logn=1VInn



In the Gaussian case we may apply the Chevet inequality:

sup Z 8ijSitj
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sEBL teB)
Corollary:
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What if X;; are exponential? Or, more generally, symmetric
Weibull r.v.'s with parameter r € [1, 2]:

P(|X;|>t)=et ?



Theorem (Latata-S., 2023)

Let X;;, Xi, X;, 1 <i<m,1<j < n beiid symmetric Weibull
r.v.'s with parameter r € [1,2]. Then

sup Z Xi jsitj

ses t€T Cmi<n

n n
s|| E sup fotf + sup [|s]|2 E sup ngtf
teT 2 ses teT =
j=1 j=1
m m
+ sup || t]] = EsupZX,-s; + sup Ht||2Esung,-s,-
teT s€S teT seS

~ sup|| H,*EsupZXt —i—suthHr*EsupZXs,
teT
j=1

sup Z &ijSitj-

565 teT i<mj<n



E[|(Xi)i<m.j<n

,‘nl/q_l/2,‘;]-/IfF —+ nl/p*_]-/2rn]-/q7

(p* A Log n)l/rnl/p* m(1/a—1/r)v0
+/p* A Log n n¥/P"mt/a=1/2 4 ml/a

nl/P* + (q A Log m)l/rml/qn(l/p*_l/r)vo

+v/q A Log m mt/ant/P"=1/2,

=Ly

(p* A Log n)Y/"n'/P" 4 (q A Log m)Y/rm'/q,



E||(Xij)i<m.j<n
(ml/a=1/2pL/p* 4 pl/p"=1/2pl/q, Pt <2,
(p* A Log n)Y/nt/P" m(1/9=1/r)v0

+v/p* A Logn n/P"mt/a=1/2 4 mb/q, g<2<p"
PP 4 (g A Log m)H/*mt/an(1/5=1/v0

+v/q A Log m m/dant/P"=1/2, pr<2<gq
(p* A Log n)Y/"n'/P" + (g A Logm)Y/ m/9, 2 < p*

=Ly

E|/(gij)i<m.j<n

e
mt/a=1/2pt/p" 4 pl/P"=1/2m1/q p*,q <2,
Vp* A Log n nt/P"mt/a=1/2 4 mt/a, qg<2<p*,
n'/P" + /g ANLogm mt/ant/P" =12 pr <2 <q,
Vp* Alogn n'/P" + /g ATogmm!'/9, 2<q,p".



E|[(Xiy)i<m.j<n

=Ly
(p* A Log n)l/rnl/p* m(1/a—1/r)v0
nl/P* + (q A Log m)l/rml/qn(l/p*_l/r)vo

+v/q A Log m mt/ant/P"=1/2, p* <2
(p* A Log n)/"n'/P" 4 (q A Logm)Y/rmt/da, 2 *

The Chevet-type inequality also yields two-side bounds for

E|[(a1jXii<m i<l gy g

where a; ;'s are deterministic.

m/a=1/2pl/p* | pl/p*=1/2pm1/q, p*,q <2,

++v/p* A Logn nl/P" mt/a=1/2 4 mt/a, g<2<p*
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E||X: €5 — L7 Sq max{n'/? m/9}.
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What is the dependence on p and g7



E| (ei)i<mi<nllgn_yom
p—tq

ml/q—l/an/p* —+ nl/p*_1/2m1/q
Wnl/p* m/a=1/2 4 mt/a,
n+/P + q/\nnr"l/qnl/p*71/2

* 1 * ’
(p /\m) /qnl/P +(q/\n)1/P*m1/q,



E||(cij)i<m.j<n s

mt/a=1/2p1/P" 4 g1/ =1/2m1/q
VP A m /P mt/a1/2 4 ml/a,
nt/P* 4 /g A nmt/ant/PT-1/2,

(p* A m)l/qnl/P* +(g A n)l/P*ml/q,

E||(gij)i<mi<nll g em
ml/q—1/2n1/p* _|_n1/p*—1/2m1/q’
P ALogn nt/P" mi/a=1/2 L mi/a.
nl/p* _|_ A /q N Log m ml/qnl/p*_1/2’

Vp* ALogn n'/P" +/q A Logm m/9,



In the case when X;; are Weibulls with r € [1,2] or random signs:

EH i f<mu<"‘ en—em

~ m'/9 sup
teBy

E Si 11‘

ZtJXUH + P sup

gALog m seB’" p*ALog n
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EH ij /<m,J<n en—em
1/q H 1/p* ‘
~ m-9 su t; X +n su s X .
teBP” Z A7 gALogm Segpm Z L p*ALogn
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n
sup‘ t, (u—i—IEsup) t; X ))
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EH ij /<m,J<n en—em
~ mi/a sup thleH + /P sup Zs, ,1‘ )
teBn gALog m seB’" p*ALog n
Is it true for other random variables?
Assume that X;; satisfy
Xisllzp < allXigll, forall pz 1. (a-reg)

Then

‘ forevery p>qg>1

HZUUJ iJ

% (O[S,

with 8 = 3 \/ log, a. In particular ) u; ;X; ; are ¥y 3.



Proposition (Latata—Strzelecka 2023+)

If
1 Xijll2p < al|Xijll, forallp>1, (a-reg)
then
EH Xi);
( d) <mj< o
n

E Sj 11‘

g thlJH + n'/P" sup
st gALog m SeBm p*ALogn



Conjecture

If
1Xijll2p < el Xijll, forall p =1, (a-reg)
then
2 CRIEE (*)
1/q 1/p*
~q M7 sup £ X1 H +n su s: ’
teBp Z T q/\Logm SGBP" Z ' Il p*ALogn




Conjecture

If

[Xijll2p < || Xijll, forallp>1, (a-reg)
then
EH(X/'J)iSmJSn ()

=l

1/q H 1/p* ’
~o M su t;: X +n su S;
tGBp" Z 7 gALog m SGBB" Z I Il p*ALog n

Theorem (Latata-S., 2023+)

In the square case (m = n) (%) is equivalent to

Va+1/p"=1/2| x| * g <2
n 1,12, P 9= <
E[(Xi)ij=1llggsey {

nl/(p*/\q)HXI,IHp*/\q/\Logna P* \% q Z 2



Conjecture

If
1Xijll2p < allXijll,  forall p=>1, (a-reg)
then
EH(X/'J)iSmJSn ()
=l
~a 1/q t: X H 1/p* ’
LGP DY IR CT S
Theorem (Latata-S., 2023+)
In the square case (m = n) (%) is equivalent to
nl/q+1/p*—1/2HX171H2’ p*a q < 25
EH(X”J ij=1 f"—)E" 1/(p*Aq) *
n HXI,IHp*/\q/\Logna p*VvVqg>2

and it holds.



Theorem (Latata-S., 2023+)
Assumption (a-reg) implies (x) provided that one of the following

conditions holds:
(i) p*q<2,
(i) p*,q >3,

(i) p* <3< C(a)<qorqg<3<((a)<p*
(iv) p* > Logn or g > Logm,
(v)
(vi) X,

i j are (0||X,J||2) -subexponential (in this case the constant
in the upper bound depends also on o).



q=2
q=3
q=p" =00 i
p*=2 *
p*=1

Duality (p*
y (p*,q,n,m) < (q,p*,m,n).
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1/q n
m9 supepg|| 51 ijuH
q
m
>ty siXin

1
~a M9 sup ey [t

1/p*
—+n SUPSEB"L ‘
q p*

1 *
+n'/P SUPSEB$<H5“2

= ml/q + nl/P* ml/z_l/q*

pr=Cla) pt=2



1/q n
m*/ SUPtepn Zj:l thLJ'H
q
m
Zi:l 5iXi,1H
p*

~a m?/d SUPteBp [t]]2

1/p*
—+n supSEB";,'k

1 *
/P supecp, [1s]l2

= ml/q + n]-/p)’= m1/2_1/q*

pr=Cla) pt=2

E[[Xllegsep < ElXllggoepll1d lep—ep ~a (m*/? 4+ nt/P"ymH/a=1/2,



n
21 ijuH
q
Py s,-X,-,1H
p*

1
m!/4 SUPtepp

.
+nt/P SUPseB";;

~a m?/d SUPteBp [t]]2

q=2
s 1/p*
: V7" sup, g 5]z
=C * *
a=c@ — ml/a 4 pl/p* mi/2-1/q

p*=Cla) pt=2

ElXllegrep < EIX lgepll1d lleg-seg ~a (/2 4 nHP )t a71/2,
Moreover, for o-subexponential X; ;'s

E[|IX legem ~ac m7 sup [[t]l2+ n*P" sup ||s|

m

teB,'; squ*

in blue and orange/red regions.
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+nt/P SUPseBg;

qg=2 ~o m?1/d SUPteBp [l t]]2
- +nt/P supsegn [Isll2
q=C(a)

= ml/q + n]-/p)’= m1/2_1/q*
p* :'C(a) A p* S
Theorem (Latata, 2005)
E||X: 3 — 3|

7 1/2 n 1/2 W
S E) T+ me(oExE) T + (2B
i= j=

i=1 j=1

1/4
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* C
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~a mt/d SUPteBp [l t]]2

1/p*
+nt/ SUPseB™ ‘p*

L nl/P* suPseBg; lIs]l2

= mY/q9 4 pl/P" ~ pt/P"\y mi/a

p* = Cla) p* =2

_ C(a) 1_6 16 1 _ 1 _ 6 16
Thus the Riesz-Thorin interpolation theorem implies
0 —0
E[[Xen—em < ]E||X||zg

1
}\)*—MQ”HXH(" ye g

2 (3x

< (EIX Iz ) ENX e, )"
~y (nl/(D‘) v m1/2)9(n1/(3x) v m1/3)0 _ (n1/,\ v m)g+%



1
mt/d SUPteBy

> ijqu
doimysiXin

~a mt/d SUPteBp [l t]]2

1/p*
+nt/ SUPseB™ ‘p*

L nl/P* suPseBg; lIs]l2

= mY/q9 4 pl/P" ~ pt/P"\y mi/a

_ C(a) 1_6 16 1 _ 1 _ 6 16
Thus the Riesz-Thorin interpolation theorem implies
0 —0
E[[Xen—em < ]E||X||zg

1
}\)*—MQ”HXH(" ye g

2 (3x

< (EIX Iz ) ENX e, )"
~y (nl/(D‘) v m1/2)9(n1/(3x) v m1/3)0 _ (n1/,\ v m)g+%



Theorem (Latata-S., 2023+)

If m = n, then

E||(Xi)7 =1

nl/q+1/P*—1/2||X171||2’ p*7 q S 27
Gty nl/(p*/\q)||X1,1||p*/\q/\Log n PTVqg=>2.



Theorem (Latata-S., 2023+)

If m = n, then

E||(Xi ) j=1

/G PTEL2]16 4 o, p*,q <2,
gn—gn 1/(p*Aq) X * > 9
P n || 1,1||p*/\q/\Logna p"VvVaq=2

Proof. It suffices to consider g > p* > 2.
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with g, so it suffices to consider 3 > g = p* > 2.



Theorem (Latata-S., 2023+)

If m = n, then

E||(Xi ) j=1

nl/q+1/P*—1/2||X171||2’ p*7 q < 27
Gotg nl/(p*/\q)||X1,1||p*/\q/\Log n PTVqg=>2.

Proof. It suffices to consider g > p* > 2. LHS is non-increasing
with g, so it suffices to consider 3 > g = p* > 2.
OK for g € {2,3}, so we may interpolate along the diagonal.
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Idea of a proof in the rectangular case

= BynkYPBL, T, ={te B} |supp(t)| < k}.
Then By C T1 + Ta.

Lemma
Let 5 = logy(2a). Then E maxj<m j<n |Xj| S Log”(nm), so

E sup Z Xijsiti S Logﬂ(nm sup Z €ijSitj

seS,teT SESteT

i<mgj<n i<m,j<n

< Logﬁ(nm)E sup Z gijSit;-
sES,tETI-<mJ-<n

~ Logﬁ(nm)supH HgEsungJ
teT
j=1

+ Log®(nm) sup HtHzEsung,s,.

sell



Idea of a proof in the rectangular case

= BynkYPBL, T, ={te B} |supp(t)| < k}.
Then B) C Ty + Ta.

Lemma

Let B = % V log, a.
IfS C BfnaBY and T C {t € BJ: [supp(t)| < k}NbBS,, then

sup Z X,'JS,‘I'J'

sES teT i

<a ml/qsupHZdeth + (n A (k Log n))Pab
teT
—9/2 g>2

a(2
+ (n A (k Log n))1/(e") { 1/q— 1/2 g<2’
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where d ~ klIn n.



Proof of the lemma
W.lo.g. X;;'s are symmetric and kLogn < n.

To C T C {t: |suppt| < k}.

To—a 3-netin T w.r.t. {y-metric. |To| < (])5% < (5n)k = ¢,
where d ~ klInn. Then

E sup Z X;Jsitj§2E sup Z Xi,jsitj

SES’tGTISm,an teTo,seSingSn
d\1/d
< 2(E Z sup‘ Z X,'J'S,'tj‘ >
teTo €3 i<mj<n
d\1/d
§2\T0|1/d sup (Esup’ Z X,-Js,-tj‘ )
teTo seS i<mj<n

d\1/d

< 2esup (Esup Z X,-Js,-tj‘ ) .

teT seS

i<mj<n



Proof of the lemma
W.lo.g. X;;'s are symmetric and kLogn < n.

To C T C {t: |suppt| < k}.

To—a 3-netin T w.r.t. {y-metric. |To| < (])5% < (5n)k = ¢,
where d ~ klInn. Then

E sup Z X;Jsitj§2E sup Z Xi,jsitj

seS,teT,.Sm’an teTo,seSingSn
d\1/d
§2(EZsup‘ Z X,'JS,'fj‘)
teTo S€° i<mj<n
d\1/d
§2\T0|1/d sup(Esup’ Z X,-,J-s,-tj‘)
teTo seS i<mj<n
dy1/d
< 2esup <Esup Z X,-,J-s,-tj‘ ) .
teT seS

i<m,j<n



FixteT.

dy1/d
(Esup‘ Z X/'S,‘i‘j‘) gaESUp Z X,',J'S,'tj’

seS i<mj<n seS i<mj<n

+ SUpH Z X,',J'S,'thd.

seS i<mj<n



FixteT.

dy1/d
<Esup‘ Z X,"S,'fj‘) SJQESUP Z X,'JS,'l’j‘

s€S i<m,j<n i<m;j<n

+ SUPH Z X,"J'S,'thd.

seS i<mj<n



FixteT.

(Esup Z ‘)1/ <o Esup Z Xijsitj ‘

seS i<mj<n seS i<mj<n
—|—supH Z Xijsitj Hd.
seS i<mj<n
Since S C B"l,
Esup Z X,Js,tj‘ < EH(ZX”JtJ) H
s€S i<mgj<n 9

< (EH(Z; Xutj)ismHZ)l/q _ ml/qHzn;XUtqu'
j= J=



FixteT.

(Esup Z ‘)1/ <o Esup Z st,tj‘

seS i<mj<n seS i<m,j<n

_l’_

Esup Z Xi jsit] ’<m1/qHZX1’JtJH‘

s€S i<m,j<n



FixteT.

(Esup Z ‘)1/ <o Esup Z st,tj‘

seS i<mj<n se€S i<mj<n

_l’_

Esup Z Xi jsit] ’<m1/qHZX1’JtJH‘

s€S i<m,j<n

Xij's are 15 (w.lo.g. f>1), so

<o d¥2sup |s|2]t]l2 + d® sup [|s]lso I t]loo
seS ses



FixteT.

d\1/d

seS seS

i<m,j<n i<m,j<n

_l’_

n
Esup Z Xi,jSitj‘Sml/qHZXUthq'
=1

SES i<m j<n

X,"J"S are ¢1/5 (W|Og ﬁ > ].), SO

<o d2sup|[s2]|tll2 + d® sup sl tlo
seS ses

(2-4")/2) o1 4°/2
< 2 t]|d /P10 g LISl s llge e > 2 s
- P seS ml/q_1/2||5||q*v q<2



Sa Esup Z Xijsitj ‘

sesl<m]§n

_l’_

E sup Z X,Js,tj‘ <m1/‘7HZX1’JtJH .

sesl<m]<n

Xij's are Y1/ (w.lo.g. 8>1),s0

S d"/2sup|Isll2[|t]2 + d” sup ol |¢lloc
seS s€S

q*/2
< d1/2\|t||pd(‘1/”+1/2)\/0 sup{|5”°° ||5||q* , 9>2
seS

+dPab
mt/ 925l e g<?2

S2-4%)/2 5
1/(2p%) 4> 3
<d { /g 1/2 qu—i—d ab.



