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The classical isoperimetric inequality

In R? the question was faced by Hurwitz, Minkowski, Lebesgue, Blaschke,

Bonnesen, Lax...
In RN by Tonelli, Schmidt, Rado, Cabre...

Theorem (De Giorgi 1954) Let E be a Lebesgue measurable subset of R, with
finite measure, then

Nwp |E\1_% < Per (E)

where equality holds iff E is a ball.
Here and throughout

@ |E| is the Lebesgue measure of E,

@ wy is the measure of the unit ball in RN,

e Per (E) =sup {/ divpdx, ¢ € ¢} (]RN,]RN) C el < 1}
E
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Schwarz symmetrization

LetQC]RN,u:xGQ—HRandQ*:B(Ovr):|Q|:|Q*|

u(e) = [{x € Q: Ju(x)| > ¢}, £20
( distribution function of u )

(W t=) u(s)=inf{t>0:pu(t) <s}, se(0,]Q
( decreasing rearrangement of u )

u*(x) = u*(wy |x|V), x e QX

( Schwarz rearrangement of u )

+oo 1 1
t) = — dHN T ) dt = — (¢t :/ —— gyN-1
o) = | (/M_t Du ) 0=, ou
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Schwarz symmetrization

u* (x) is the unique function satisfying for each t > 0
*x .k — . *
{xEQ fu (x)>t}—{x€ﬂ.\u(x)|>t}

Since u, u* and u* are equidistributed we have

ey = H“* iy — 14 e oy VP € [1+oc].

|E|
/|u| dxg/ u*ds, VYEcCQ
E 0

1
/|fg| dxg/ f*g*ds
o) 0

(Hardy-Littlewood inequality)

Moreover

and

Francesco Chiacchio Talenti type results for Robin problems 5/32



Schwarz rearrangement leaves the LP—norms of u

unaltered but what happens to the LP—norms of |Vul|?

Pélya-Szeg6 principle Let u € Wol'p(Q) be a nonnegative function, then

(1) / |Vul|Pdx > / )Vu*‘p dx, for any p € [1,00).
0 ax*
Furthermore [J.E. Brothers - W.P. Ziemer, 1988] if
[{Du=0}n{u"t(0,supu)}| =0,
then equality holds in (1) if and only if u = u*, modulo translation.
Remark The Pdlya-Szegé principle immediately implies the Faber-Krahn

inequality. That is
AP (Q) > AP(Q%),

where AP (Q)) denotes the first eigenvalue of the Dirichlet-Laplacian in Q).
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Lorentz spaces

Let 0 < p < 0o and 0 < g < oo, the Lorentz space LP9(Q)) consists of all
functions u such that the following quantity

1
1 & adt\a
pq</ tqu(t)gt)q 0<g<o
0

sup (tPu(t)) qg=o00
t>0

HUHLPrq(Q) =

is finite.

Remark Whenever p = g Lorentz spaces coincide with Lebesgue spaces LP, since
by Cavalieri's Principle we have

1

1 < P
lullimiery = el imiery = P° ( [ 1u(t)dt> :
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Talenti’'s Theorem in its simplest form

Theorem Let O C RV, 0 < f(x) € LP(Q) with p > 1if N=2and p = g% if
N > 2. Consider the problems

—Au=f(x) in Q
u=0 on 0Q
and
—Av=Ff¥(x) in QX

v=0 on 0O,

Then
u¥(x) < v(x) in O,

Remark In the Talenti's Theorem it is crucial that

H{u>t}noQ =0 vt >0.
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A few references on symmetrization techniques and

applications

Pioneering results
o Weinberger, 1962
e Maz'ja, 1969
o Talenti, 1976

Survey papers
@ Trombetti, 2000
o Talenti, 2016
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Talenti's type results for the Robin problem

Consider
—Au = f(x) in Q

@—I—ﬁu:O on 0Q),
ov

where () is a Lipschitz domain in RN N > 2, B > 0, v denotes the outer unit
normal to 9Q) and 0 < f(x) € L2(Q).

Remark Now it may happens that

Hu>t}NoQ#0 for some t > 0.
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Talenti's type results for the Robin problem

Theorem [Alvino - Nitsch - Trombetti, to appear on CPAM]. Let v be the

solution of
—Av=f*(x) in QX

@—Fﬂv:o on dOX.
v

Then

4l < Wllipagany for all 0 < p < 5o

and

lelzna(ey < [Vlzna(n) forall 0< p< s
Finally if N =2 and f(x) =1, then

u* (x) < v(x) in QX
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Subsequent developments

@ Alvino - C. - Nitsch - Trombetti, 2021. [Comparison results for the Robin
Laplacian, with 8 = 3(x)]

@ Amato - Gentile - Masiello, 2022. [Comparison results for the Robin
p—Laplacian, with g = (]

@ Amato -Masiello - Nitsch - Trombetti, 2022 [Asymptotic as p — 400, with
B =C]

e C. - Gavitone - Nitsch - Trombetti, 2022. [Comparison results for the
Hermite operator with Robin boundary conditions, with 5 = C]

@ Alvino - C. - Nitsch - Trombetti, 2022 [Comparison results for the Robin
Laplacian, with 8 = 3(x), via weighted rearrangement]

@ Amato - C. - Gentile, 2022. [Comparison results for the Robin p—Laplacian,
with 8 = (x), via weighted rearrangement]

Francesco Chiacchio Talenti type results for Robin problems



Talenti's type result when 3 = 3(x): an approach via

Schwarz symmetrization

—Au = f(x) in Q —Av="F*(x) in QX
®) #*)
Ou ov
87—'—6( x)u=0 on 9Q af—i—ﬁv—o on 9OX

where () is a Lipschitz domain in RN, N > 2, v denotes the outer unit normal to
0Q),

B(x): 00 — R such that 0 < m< B(x) <M< +o0 ae. in(Q,
0<f(x) e L2(Q),

B is the positive constant defined by the following relation

Per%Qu) _ (/am 5dHN Lix )) / 6(1)(17-[’\’—1(x).
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Talenti's type result when 3 = 3(x): an approach via

Schwarz symmetrization

Theorem [Alvino - C. - Nitsch - Trombetti, 2021, JMPA] Let v and v = v* be
the solutions to Problem (P) and (P*), respectively. Then, when N = 2, we have

lull i) < Ivilax)-
While for N > 3
lull ) < IVl ary,
provided
|

/Ef(x)dxg |Q|1_§I/Qf(x)dx

for all measurable E C Q).
Finally for N =2 and f =1 we have

¥ (x) <v(x) xe QX

Francesco Chiacchio Talenti type results for Robin problems



Talenti's type result when 3 = 3(x): an approach via

weighted symmetrization

—div (\Vu|p_2Vu) =f(x)|x° in Q
(P)
-2 du
[VulP™ — 4+ B(x)u=0 on 0Q,
v

where p > 1, N > 2, v denotes the outer unit normal to 9() and () is a bounded
and Lipschitz domain in RN, with 0 ¢ Q). We will assume that

(H1) p>N,

(H2) —-N <6 <0,

(H3) m=inff(x) >0 and M= saugﬁ(X) < +o0,
(Ha) 0< f(x) € LP(Q, |x|° dx), where p' = —P—

p—1
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The symmetrized problem

—div (|Vv|p72 Vv) =fx)|x° in QF

2 Jon

|VV|P_2%+E(rﬁ)P v=0 on 9OF

where

B=ig 0 bl 7 (=500 257 )

QF is the ball centered at the origin of radius r¥, with r?:

‘Qu‘ :/ |X|5dX=/ x|° dx = Q)5
o Jot Q

fﬁ(x) is the unique radial and radially decreasing function such that

Hx e Q:f(x)>t}s= erQ:fﬁ(x) > t}‘(S for any t > 0.
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Main results

Theorem 1 [Alvino - C. - Nitsch - Trombetti] and [Amato - C. - Gentile].
Let u and v be the solutions to problems (P) and (P*), respectively. Then

[ 1uGal < [ vl x0° e
QO Of
and for any p > N
L1060 7 de < [ ve Pl o
O Ot

Theorem 2 [Alvino - C. - Nitsch - Trombetti] and [Amato - C. - Gentile].
Suppose that f(x) =1 in Q. If either p=N=2o0r p>2, N > 2 and
§< —N+ M
p—2
then
v (x) < v(x) ae. in OF.
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Sketch of the proof of Theorem 2 in the simplest case

If
N=p=2 B(x)=8 |x? flx)=1, §e(-20)
—Au = |x|° in Q
(P)
@—Fﬂ\x\‘smuzo on 0Q)
v
—Av = |x|° in QF
(P)

ov 5/2
a—l—ﬂ(rﬁ) v=0 on 9O

Then
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A few notation

Let t > 0.

U= {x € Q: u(x) > t}, UM =aU,NQ, U = dU; N O

w(t) = |Uels ::/ Ix|%dx and  Py(t) = Ps (Uy) ::/ |x]°/2 dH?
Ut 2 8Ut

u*(s) =inf{t >0:pu(t) <s}, se (0, Q]

) = o (180 1x)) = o (517

uﬁ(x) is the unique radial and radially decreasing function such that

Hx e Q:lu(x)| > t}; = HX eQ:uf(x) > t}‘é for any t > 0.
Finally

Ve ={x e QF: v(x) > t}, ¢(t)=|V|s and P,(t) = Ps(Vt)
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A weighted isoperimetric inequality

Theorem [Chiba - Horiuchi (2015)] and [Alvino - Brock - C. - Mercaldo -
Posteraro (2017)]. Let G be a Lebesgue measurable subset in IR? and let
d € (—2,0). Define

\c|5:/ x|’ dxand Pé(c):/ Ix|% dHL.
G 2 2/}

Then
Ps(G) > Ps (G,
2 2
where G* = B(0, r#) with rf > 0
6l =6 .
6l = |¢,

Remark Note that the isoperimetric inequality above can be written equivalently
as follows
P3(G) = 2r (6+2)|Gl; .
2
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Lemma 1 The following inequalities hold true
0<um< vm,

where

Um = min u, Vp:i=min v.
o) ot

Proof of u, < vp,.

1 ov 1

vmPs (OF :/ v(x) x| 2 dH = — = —ZdHl == Avdx

g( ) a0 Sl B Jaqr Ov B Jaas

1/ F) 1/ F) 1 1 8u 1
== x|"dx = = x|"dx = —= Audx = —— —dH

B Joe " =5 Jy 5 Jon 5 Joer 00

:/ u|x|‘s/2 dHt > umPs (Q) > UmPQ(Qﬁ).
00 2 2

Proof of 0 < up,. Use u™ = max {0, —u} as test function in (P).
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Some auxiliary results

Lemma 2.1 For all t > v,;; we have

t 0/2
/ T / x| dH! | dr < —lﬂlé.
0 et u(x) 2p
Proof Clearly

f X2 > x*
/ T / dH! dTS/ T / dH | dr
0 et u(x) 0 auet u(x)

u(x) 6/2
:/ / rar | X gt = 1/ u(x) |x|/2 d!
20 \Jo u(x) 2 Joar
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Some auxiliary results

i}<u|x|‘s/2 :—%% on 8Q>U

1 §/2 1 1 du 1
- u(x)|x dH" = — —dH
2/590 e 28 Joq Ov

|} (Divergence Theorem) |

1 @d 11
2B Joq Ov - 28

U (—Au = |x|° in Q) M

Audx

1 _ 1915
~25 Audx 2ﬂ/||d 25
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Some auxiliary results

Lemma 2.2 For all t > v,,; we have
t 6/2 o)
/ T / x| dH! | dr = —| |6.
0 avinaat V(x) 23

OV = 00* Vt e[, vm)
v=vi= =
OVenOQ¥F =0 Yt e (v, +0)

Proof

t 6/2 +00 6/2
/ T / il dH' | dr = / T / iy dH! | dr = —|Q|‘5
0 avinaat V(x) 0 avenoat V(x) 23
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Some auxiliary results

Lemma 3.1 It holds that
7r(5+2)7'2§/ (—t ())dt—}-' 5 VT > Vi
0 26"
Proof

—/ 0u it 4 / IVl dH = —/ Audx = [ |x dx = p(t)
aust Ov auint Ut Ur

) (_gu _ 6U|X|6/2 on 8Qext) )

/ Bul|x|®/? dH1+/ \Vu| dH' = pu(t)
ouPt oun
Summarizing, setting

V|  if xeaunt

Bulx|*’? if xeau,
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Some auxiliary results

we have shown that

/ g(x)dH = u(t).
oUt

X5/2
T+ 2)ule) < Fuls (/auv ok )

( 8Ut ) </8Ut é|’)(<>|j)dH1>
( X L [x[*/2 1>
T+ dH

B Joue u(x)
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Some auxiliary results

Hence, multiplying both sides of the inequality by t, we get

t Ix|°/2

dHt.
ﬁ 8U ext U(X)

m(0+2)t < (=4 (1) t+ 2
Integrating on (0, 7), with 7 > vy, and using Lemma 2.1 we get

w(5+2)72§/07( (' (t)) dt + |25|5

that is Lemma 3.1.
Lemma 3.2 It holds that

m(6+2)7° :/T (—tg/ () dt + |2ﬂ|“. VT > Vi
0

Proof It is again a consequence of the fact that v = v,
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The pointwise estimate: uf(x) < v(x) in OF

Proof of Theorem 2 Lemmata 3.1 and 3.2 imply
T T
/ (—t¢(t)) dt < / (—ty'(t)) dt, 7> vm
0 0
|} (Integrating by parts) |
w(r) < (1), 72> v

b (0<um<vm) |
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A Faber-Krahn inequality
Assume that N = p =2, B(x) = 8- |x|/2,6 € (—=2,0). Let Ay 5(Q) and

A1s(QF) be the first eigenvalues of the problems
—Au=XQ)|x°u in

0
and

—Av =X |x°v  in O

Ou + 5 (rﬁ)6/2 v=0 on 9O

v
We have

/ |VW|2dx+B/ w? |x|°/2 dH?
A,5(Q) = min 0 00 :
weHL(Q)\{0} / w? x|’ dx
Q
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A Faber-Krahn inequality

Theorem It holds that
ALs(Q) > Aps(QF).

Proof Let u; be an eigenfunction corresponding to A1 5(Q2) :
—Aup =M 5(Q) [x°u;;  in O

%+5|X|5/2u1 =0 on 0QO.
ov

Denote by z the solution to
—Az = A 5(Q) |x[° ug in QF

0
a8

6/22 =0 on 9O
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A Faber-Krahn inequality

Cauchy-Schwarz inequality + LZ(Q, |X|6 dx) comparison

I

1 1
2 2 2
/ uiz|x]® dx < (/ (uﬁ) |X|6dx> (/ 22 |x|5dx> g/ 22 |x|9 dx
Of Of Of Of

I
/|vz|2dx+5/ 22 |x|°% dH?
ot o0t

/ ugz x| dx

Of

/ IV z|? dx—i—ﬁ/ 22 |><|5/2 dH!
Qf o0t

22 |x|° dx

A1,s(Q) =

>

> Aps(QF).

Of
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THANK YOU
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