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Conditional Concentration for functions ofHD vom arrays

(joint work with P.Dodos and K. Tyros)

Introduction

· Concentration: [Talagrand) A fuction of many variables which depends

smoothly on them is essentially concent

Examples. (Gaussian) G-N10, In) andF.R*- IR, F is 1-Lipschitz

then P(1(2) - Ef(6)1 > t) =
cetY2

/
t> 0

· Martingale methods:Azuma's inequality
Ifdes ..., an is a multiplicative system on (2,3, PC., thatis

* I cm3 E/diT
=

0,

(eg. a martingale dif. 2eq. (

then I. Ed; Ip (dillY)*, 2pca.



· Doob's martingale decomposition + Azuma ine >

McDiarmid's bol dif. Iey: 7(X, ...,Xal, Xi inde

Iis lip or the weighted Hamming metric

I d(x,y) =daxitgih
f(x) - Ef(x) =di

dx =E(f(x)/ X, ..,Xx]
- E2f(x)/X, ... Xx -7

k =1,2) --

Q:How aboutconcentration when I lacks smoothness properties?

Tao(p = a) 1) Conditional concentration

DKT (1<p. a)

P
=

2:Given keIN, 230 7 N =N13KLEIN A:For any volm vector X= (X,Xn)

where Xand indep and t-valued, and for any 7:R-IR with

11f(X)1 =1, there exists a segment Ic[n] will 111=K so that

E(F(X)(Xiet] is well-concentrated around its mean, i.e.
-FI



IP ( /E/7(X) (F=7 - Ff(x)1 > 2)
< a.

segment
1:Interval (

I = 4its, its
...
ith]< [n].

Sketch of proof f(x) - Ef(x)
=2d, dx =an before

k=1

do are mutually orthogonal

1 xYaw (F(X))
=E [[diT =[Edi) It7 iH Ed = i

i =1

= E (E/7IX...Xn) - E[7IX, ... Xa])
=E(E7dp /Xn77 -E [(ECdalx])"]

Jensen ↑

Xi's indeep.

E (E/fIX) - EC1])
If instead I.,

...,m, mrEc 1551=K intervals of [n]
k k-1

and 1x
=E/f1X;:icUIs] - EffIXi: ie Uts].

S =1 S =1



by arguing similarly,we find that 5kera....,m) st.

Now (I (f(Xi.ie(,)) = -

1P( /7/71Xi.(11) - 1f(X)/ > a) = = 2
3

providedthatkin.

#T(2016):Similar for 1f(X)/(p=1, 1<p = 2.

Extension of the "orthoop of mid.s"in CP:

· Burkholder's ineq:estimates
for square-function,

1/2

· Riconol, Xu (2016).All rdilr-> & ldilk).
(elil mods.

Main Goal: To external this phenomenon to HDrolm arrays,

that lack independence, but enjoy my mmetries.



#ef. Colm arrays;subarrays)

· a-dim rote array on (n) it's a stochastic process X= [X:te(a))
· sub-arey:Fix IC(n), 111xd:Xz

=(X+:t s (V)

· 3-algebras generatedby XIwill be devoted by F =3(X=)

Examples 1d=1 we plan vectors.

d =a - when tym.motrbs

dxx, > volm tym tensors.

2) Sis... in (molep) volve variables At c (n), (
=d => X

+
π 5j.
jft

or more generally Xt =f(3i,,3,,. ...3id)
when t =hp(iz<. cid)c[n]

· spreadability:X d-time we away it's spreadable if

A A,B< (n), 1A) =(B1 xa Xx-XB.

y-spreadable: - x - d
t
(2(XA),I(X)) =y.



FACT ifa rotan array is finitevalued them for a large enough there is

on sub-array which is -spreadable. (Hence, approx spreadability
is

ubiquito

dissociativity:Xdissociated if
X A,BC (n), AnB = 0 =Xa,xy

E.g. Xt=15i, (i) inslep. Ca above
are insep.

Main reselt (ford=8;Boolean case)

1<p-22,50,kx2a(i =((h,p,k)
=exp(-ki)

g8(p-1)

n>C oval X =<Xt:te(1) >be 50013-voslued,

A-spreadable,and assume the

"Boxindependence condition, i.e.,
·

.
...

- - - - -

·

IA(XesX,y XaaXus] - E(Xn) ([Xep)ESXzs7ESXsa/s-->-:distraction·

k. <)

Then, *f:90,17
(c)
- 1R4.117(X)/p =1.

1
....

5 IC(n), 111
=k/5,Nogn) 1. PCIEASXIFz] -EF(X)(>) < 9.


