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Minkowski summation

α-mean of numbers

For a, b ≥ 0, α ∈ [−∞,∞] and t ∈ [0, 1],

M t
α(a, b) =


[(1− t)aα + tbα]

1
α , if α ̸= 0,±∞,

a1−tbt, if α = 0,

max{a, b}, if α = +∞,

min{a, b}, if α = −∞,

if ab > 0, and M t
α(a, b) = 0 if ab = 0.

Minkowski summation
For A,B ⊂ Rn,

(1− t)A+ tB

= {(1− t)x+ ty : x ∈ A, y ∈ B}
= {

(
M t

1(x1, y1), · · · ,M t
1(xn, yn)

)
: x = (x1, · · · , xn) ∈ A, y = (y1, · · · , yn) ∈ B}.

Sudan Xing On Multiple Lp-curvilinear-Brunn-Minkowski inequality 3 / 26



Curvilinear Brunn-Minkowski inequality Borell-Brascamp-Lieb inequality Multiple Lp curvilinear Brunn-Minkowski inequality Multiple Lp Borell-Brascamp-Lieb inequality

Minkowski summation

α-mean of numbers

For a, b ≥ 0, α ∈ [−∞,∞] and t ∈ [0, 1],

M t
α(a, b) =


[(1− t)aα + tbα]

1
α , if α ̸= 0,±∞,

a1−tbt, if α = 0,

max{a, b}, if α = +∞,

min{a, b}, if α = −∞,

if ab > 0, and M t
α(a, b) = 0 if ab = 0.

Minkowski summation
For A,B ⊂ Rn,

(1− t)A+ tB

= {(1− t)x+ ty : x ∈ A, y ∈ B}
= {

(
M t

1(x1, y1), · · · ,M t
1(xn, yn)

)
: x = (x1, · · · , xn) ∈ A, y = (y1, · · · , yn) ∈ B}.

Sudan Xing On Multiple Lp-curvilinear-Brunn-Minkowski inequality 3 / 26



Curvilinear Brunn-Minkowski inequality Borell-Brascamp-Lieb inequality Multiple Lp curvilinear Brunn-Minkowski inequality Multiple Lp Borell-Brascamp-Lieb inequality

Brunn-Minkowski inequality

Brunn-Minkowski inequality

For any measurable sets A,B ⊂ Rn,

Vn((1− t)A+ tB) ≥ M t
1/n(Vn(A), Vn(B)),

with equality holds if and only if A and B are homothetic, where Vn(·) denotes
the volume (Lebesgue measure) for sets in Rn.

Curvilinear convex combination (Uhrin, ADV, 1994)

For A,B ⊂ Rn × R+, t ∈ (0, 1), and α ∈ [−∞,∞],

(1− t)×α A+α t×α B

=
{(

(1− t)x+ ty,M t
α(a, b)

)
: (x, a) ∈ A, (y, b) ∈ B

}
=
{(

M t
1(x1, y1), · · · ,M t

1(xn, yn),M
t
α(a, b)

)
: (x1, · · · , xn, a) ∈ A, (y1, · · · , yn, b) ∈ B

}
.

α = 1: Minkowski summation in Rn+1.
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Compression

Hypo-graph

For f : Rn → R+ = [0,∞),

hyp(f) := {(x, r) ∈ Rn × R+ : 0 ≤ r ≤ f(x)}.

Compression (Blaschke, 1917)

The compression of A ⊂ Rn × R+ which is also known as shaking, is

Ã = hyp(VA),

where the segment function VA(z) = V1(A∩ (R++ z)), A∩ (z+R+) ̸= ∅, z ∈ Rn.
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Curvilinear Brunn-Minkowski inequality

Curvilinear Brunn-Minkowski inequality (Uhrin, ADV,
1994)

For α ∈ [−∞,∞] and any bounded Borel subsets A,B ⊂ Rn × R+, each having
finite positive volume, and t ∈ (0, 1), one has

Vn+1((1− t)×α A+α t×α B)

≥

M t
α

1+nα
(Vn+1(A), Vn+1(B)), if α ≥ − 1

n ,

min
{
(1− t)

1+nα
α Vn+1(A), t

1+nα
α Vn+1(B)

}
, if α < − 1

n .

α = 1: Brunn-Minkowski inequality in Rn+1.
(i) Vn(Ã) = Vn(A), Vn(B̃) = Vn(B).
(ii) Vn+1((1− t)×α A+α t×α B) ≥ Vn+1((1− t)×α Ã+α t×α B̃).
(iii)

Vn+1((1− t)×α Ã+α t×α B̃)

≥

M t
α

1+nα
(Vn+1(Ã), Vn+1(B̃)), if α ≥ − 1

n
,

min
{
(1− t)

1+nα
α Vn+1(Ã), t

1+nα
α Vn+1(B̃)

}
, if α < − 1

n
.
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(i) Vn(Ã) = Vn(A), Vn(B̃) = Vn(B).
(ii) Vn+1((1− t)×α A+α t×α B) ≥ Vn+1((1− t)×α Ã+α t×α B̃).
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Borell-Brascamp-Lieb inequality

Borell-Brascamp-Lieb inequality

Let α ∈ [−∞,∞], t ∈ (0, 1), and f, g, h : Rn → R+ be a triple of integrable
functions satisfying the condition

h((1− t)x+ ty) ≥ M t
α(f(x), g(y))

for all x, y ∈ Rn such that f(x)g(y) > 0. Then∫
Rn

h(x)dx ≥

{
M t

α
1+nα

(∫
Rn f(x)dx,

∫
Rn g(x)dx

)
, if α ≥ − 1

n ,

min
{
(1− t)

1+nα
α

∫
Rn f(x)dx, t

1+nα
α

∫
Rn g(x)dx

}
, if α < − 1

n .

✧ Methods:
(1) Mass transportation;
(2) Hypo-graphs for functions and Curvilinear Brunn-Minkowski inequality,
etc.

✧ α = 0: Prékopa-Leindler inequality.

✧ f = χK , g = χL: Dimension-free Brunn-Minkowski inequality for convex
bodies K,L.
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Lp coefficients (Quasilinearzation)

Lp coefficients: For t, λ ∈ (0, 1), p > 0, 1
p + 1

q = 1, denote

Cp,λ,t := (1− t)
1
p (1− λ)

1
q and Dp,λ,t := t

1
pλ

1
q .

Lp α-mean of numbers

For a, b ≥ 0, p ≥ 1, 1
p + 1

q = 1, α ∈ [−∞,∞], and t, λ ∈ (0, 1),

M (t,λ)
p,α (a, b) :=


[Cp,λ,ta

α +Dp,λ,tb
α]

1
α , if α ̸= 0,±∞,

aCp,λ,tbDp,λ,t , if α = 0,

max{a, b}, if α = +∞,

min{a, b}, if α = −∞,

if ab > 0 and M t,λ
p,α(a, b) = 0 otherwise.

p ≥ 1: sup0<λ<1(Cp,λ,ta+Dp,λ,tb) = M t
p(a, b).

0 < p < 1: inf0<λ<1(Cp,λ,ta+Dp,λ,tb) = M t
p(a, b).
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Lp Brunn-Minkowski inequality

Generalized Lp Minkowski summation (LYZ, AAM, 2012)

For measurable sets A,B ⊂ Rn, the Lp Minkowski summation is defined as

(1− t) ·p A+p t ·p B = ∪0≤λ≤1

(
Cp,λ,tA+Dp,λ,tB

)
, p ≥ 1.
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Lp Brunn-Minkowski inequality

For p ≥ 1, A,B ⊂ Rn are measurable sets, then

Vn((1− t) ·p A+p t ·p B) ≥ M t
p/n(Vn(A), Vn(B)).

p = 1: the classical Brunn-Minkowski inequality for measurable sets.
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Multiple Lp-curvilinear summation

Lp,ᾱ-curvilinear summation (Roysdon-Xing, 2022)

For p ≥ 1, A,B ⊂ Rn+1
+ , ᾱ = (α1, . . . , αn+1) where αi ∈ [−∞,∞] for each

i = 1, . . . , n+ 1, (x1, . . . , xn+1) ∈ A, (y1, . . . , yn+1) ∈ B,

(1− t)⊗p,ᾱ A⊕p,ᾱ t⊗p,ᾱ B

:=
⋃

0<λ<1

{(
M (t,λ)

p,α1
(x1, y1), . . . ,M

(t,λ)
p,αn+1

(xn+1, yn+1)
)}

, n ≥ 0.

For 0 < p < 1, replace
⋃

0<λ<1 by
⋂

0<λ<1 above.

★ ᾱ = (1, . . . , 1, α): Lp,α-curvilinear combination,

(1− t)×p,α A+p,α t×p,α B

=


⋃

0<λ<1

{(
Cp,λ,tx+Dp,λ,ty,M

(t,λ)
p,α (a, b)

)
: (x, a) ∈ A, (y, b) ∈ B

}
, n ≥ 0,⋃

0<λ<1

{
M

(t,λ)
p,α (a, b) : a ∈ A, b ∈ B

}
, n = 0.

★ ᾱ = (1, . . . , 1, 1): (1− t)×p,α A+p,α t×p,α B = (1− t) ·p A+p t ·p B.

★ p = 1: (1− t)×p,α A+p,α t×p,α B = (1− t)×α A+α t×α B.
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★ ᾱ = (1, . . . , 1, 1): (1− t)×p,α A+p,α t×p,α B = (1− t) ·p A+p t ·p B.

★ p = 1: (1− t)×p,α A+p,α t×p,α B = (1− t)×α A+α t×α B.

Sudan Xing On Multiple Lp-curvilinear-Brunn-Minkowski inequality12 / 26



Curvilinear Brunn-Minkowski inequality Borell-Brascamp-Lieb inequality Multiple Lp curvilinear Brunn-Minkowski inequality Multiple Lp Borell-Brascamp-Lieb inequality

Multiple Lp-curvilinear summation
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Lp,ᾱ-curvilinear Brunn-Minkowski inequality

Lp,ᾱ-curvilinear Brunn-Minkowski inequality

Let p ≥ 1, t ∈ (0, 1), and ᾱ = (α1, . . . , αn+1) with αi ∈ (0, 1] for i = 1, . . . , n.
Suppose that A,B ⊂ (R+)

n+1 are bounded Borel sets of positive volume, then

Vn+1((1− t)⊗p,ᾱ A⊕p,ᾱ t⊗p,ᾱ B)

≥

{
M t

pγ(Vn+1(A), Vn+1(B)), if αn+1 ≥ β,

sup
{
min

{
[Cp,λ,t]

1
γ Vn+1(A), [Dp,λ,t]

1
γ Vn+1(B)

}
: 0 < λ < 1

}
, if αn+1 < β,

where β = −
(∑n

i=1 α
−1
i

)−1
and γ =

(∑n+1
i=1 α−1

i

)−1

.

✧ ᾱ = (1, · · · , 1):
(i): (1− t)⊗p,ᾱ A⊕p,ᾱ t⊗p,ᾱ B = (1− t) ·p A+p t ·p B: the Lp Minkowski
summation.
(ii): Lp,ᾱ-curvilinear-Brunn-Minkowski inequality reduces to the Lp Brunn-
Minkowski inequality in Rn+1.
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Main idea: Mathematical induction

Step 1: dim = 1. Let p ≥ 1, t ∈ (0, 1), and α ∈ [−∞, 1] and sets A,B ⊂ R+

be of the form A =
⋃m

i=1[ai, bi], B =
⋃n

j=1[cj , dj ], where the intervals in K
and L have mutually disjoint interiors and m,n ∈ N. Then
V1((1− t)×p,α A+p,α t×p,α B) ≥ M t

pα(V1(A), V1(B)).

Step 2: dim = n+ 1 and Compression. Let p ≥ 1, t ∈ (0, 1), α ∈ [−∞, 1]
and A,B ⊂ Rn × R+ with Vn+1(A), Vn+1(B) > 0. Then

Vn+1((1− t)×p,α A+p,α t×p,α B) ≥ Vn+1((1− t)×p,α Ã+p,α t×p,α B̃).

Step 3: dim = n+ 1 and Lp,α-curvilinear-Brunn-Minkowski inequality. Let
p ≥ 1, 1

p + 1
q = 1, t ∈ (0, 1), α ∈ [−∞,∞] and A,B ⊂ Rn × R+ with

A = Ã, B = B̃. Then for γ = α
1+nα ,

Vn+1((1− t)×p,α A+p,α t×p,α B)

≥

{
M t

pγ(Vn+1(A), Vn+1(B)), if α ≥ − 1
n ,

sup0<λ<1 min
{
[Cp,λ,t]

1
γ Vn+1(A), [Dp,λ,t]

1
γ Vn+1(B)

}
, if α < − 1

n .

Step 4: Repeat the above with respect to the multiple power parameters.
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Normalized Lp curvilinear BMI

Generalized segment function: VA,H(y) = Vk+1(A ∩ (H̄ + y)), where
H ⊂ Gn,k (Grassmannian manifold), k ∈ {0, 1, · · · , n}, y ∈ H⊥ and
H̄ = H × R+ for A ⊂ Rn × R+.
k = 0: the classic segment function.

Optimal norm: ∥VA,H∥∞ = supy∈H⊥ VA,H(y).

Normalized super-level set: Cr(VA,H) =
{
y ∈ H⊥ : VA,H(y) ≥ r∥VA,H∥∞

}
for 0 ≤ r ≤ 1.

Normalized compression:

AH =
{
(y, r) ∈ H⊥ × R+ : 0 ≤ r ≤ VA,H(y)

∥VA,H∥∞
, A ∩ (H̄ + y) ̸= ∅

}
.

Normalized version

Let p ≥ 1, 1
p + 1

q = 1, t ∈ (0, 1), A,B ⊂ Rn × R+, A = Ã, B = B̃. Then

Vn+1((1− t)×p,α A+p,α t×p,α B) ·M t
pβ(∥VA,H∥−1

∞ , ∥VB,H∥−1
∞ )

≥

{
Vn−k+1((1− t)×p,δ AH +p,δ t×p,δ BH), if αβ

α+β
≥ − 1

k
,

Vn−k+1((1− t)×p,δ AH +p,δ t×p,δ BH), if αβ
α+β

< − 1
k
,

where δ = (α−1 + β−1 + k)−1 and α+ β > 0.
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Let p ≥ 1, 1
p + 1

q = 1, t ∈ (0, 1), A,B ⊂ Rn × R+, A = Ã, B = B̃. Then

Vn+1((1− t)×p,α A+p,α t×p,α B) ·M t
pβ(∥VA,H∥−1

∞ , ∥VB,H∥−1
∞ )

≥

{
Vn−k+1((1− t)×p,δ AH +p,δ t×p,δ BH), if αβ

α+β
≥ − 1

k
,

Vn−k+1((1− t)×p,δ AH +p,δ t×p,δ BH), if αβ
α+β

< − 1
k
,

where δ = (α−1 + β−1 + k)−1 and α+ β > 0.

Sudan Xing On Multiple Lp-curvilinear-Brunn-Minkowski inequality15 / 26



Curvilinear Brunn-Minkowski inequality Borell-Brascamp-Lieb inequality Multiple Lp curvilinear Brunn-Minkowski inequality Multiple Lp Borell-Brascamp-Lieb inequality

Normalized Lp curvilinear BMI

Generalized segment function: VA,H(y) = Vk+1(A ∩ (H̄ + y)), where
H ⊂ Gn,k (Grassmannian manifold), k ∈ {0, 1, · · · , n}, y ∈ H⊥ and
H̄ = H × R+ for A ⊂ Rn × R+.
k = 0: the classic segment function.

Optimal norm: ∥VA,H∥∞ = supy∈H⊥ VA,H(y).

Normalized super-level set: Cr(VA,H) =
{
y ∈ H⊥ : VA,H(y) ≥ r∥VA,H∥∞

}
for 0 ≤ r ≤ 1.

Normalized compression:

AH =
{
(y, r) ∈ H⊥ × R+ : 0 ≤ r ≤ VA,H(y)

∥VA,H∥∞
, A ∩ (H̄ + y) ̸= ∅

}
.

Normalized version

Let p ≥ 1, 1
p + 1

q = 1, t ∈ (0, 1), A,B ⊂ Rn × R+, A = Ã, B = B̃. Then
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Lp,ᾱ-µ-surface area

Lp,ᾱ-µ-surface area

Let µ be a Borel measure on Rn+1, p ≥ 1, and ᾱ = (α1, · · · , αn+1) ∈ [0,∞]n+1.
We define the Lp,ᾱ-µ-surface area of a µ-integrable set A with respect to a
µ-integrable set B by

Sµ,p,ᾱ(A,B) := lim inf
ε→0+

µ(A+p,ᾱ ε×p,ᾱ B)− µ(A)

ε
.

★ µ = Vn+1(·) :
The Lp surface area with respect to the Lp,ᾱ-curvilinear summation has the
following form,

Sp,ᾱ(A,B) = lim
ε→0+

Vn+1(A+p,ᾱ ε×p,ᾱ B)− Vn+1(A)

ε
.

★ ᾱ = (1, · · · , 1), p ≥ 1: Wu, AAM, 2017.

★ ᾱ = (1, · · · , 1), p = 1: Livshyts, ADV, 2017.
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Lp,ᾱ-µ-surface area

Let µ be a Borel measure on Rn+1, p ≥ 1, and ᾱ = (α1, · · · , αn+1) ∈ [0,∞]n+1.
We define the Lp,ᾱ-µ-surface area of a µ-integrable set A with respect to a
µ-integrable set B by
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Lp-Minkowski’s first inequality

Lp-Minkowski’s first inequality

Let p ∈ [1,∞), ᾱ = (α1, · · · , αn+1) ∈ [0,∞]n+1 and F : R+ → R be a
differentiable invertible function. Let µ be a Borel measure on Rn+1 which is
F (t)-concave of Lp,ᾱ-curvilinear summation for any two µ-measurable sets
A,B ⊂ Rn+1, then

Sµ,p,ᾱ(A,B) ≥ Sµ,p,ᾱ(A,A) +
F (µ(B))− F (µ(A))

F ′ (µ(A))
.

★ µ(A) = µ(B): Isoperimetric inequality,

Sµ,p,ᾱ(A,B) ≥ Sµ,p,ᾱ(A,A).

★ p ∈ [1,∞), ᾱ = (α1, · · · , , αn+1) ∈ (0, 1]n+1:

Sp,ᾱ(A,B) ≥ Sp,ᾱ(A,A) +
Vn+1(B)pγ − Vn+1(A)pγ

pγVn+1(A)pγ−1
,

where γ =
(∑n+1

i=1 α−1
i

)−1

. If Vn+1(A) = Vn+1(B) > 0, then

Sp,ᾱ(A,B) ≥ Sp,ᾱ(A,A).
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Section 4

1 Curvilinear Brunn-Minkowski inequality

2 Borell-Brascamp-Lieb inequality

3 Multiple Lp curvilinear Brunn-Minkowski inequality

4 Multiple Lp Borell-Brascamp-Lieb inequality
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Multiple Lp Borell-Brascamp-Lieb inequality

Multiple Lp Borell-Brascamp-Lieb inequality

Let p ≥ 1, p−1 + q−1 = 1, t ∈ (0, 1), ᾱ = (α1, . . . , αn+1), αi ∈ (0, 1] for all
i = 1, . . . , n. Suppose that f, g, h : (R+)

n → R+ are a triple of bounded
integrable functions satisfying

h
(
M (t,λ)

p,α1
(x1, y1), . . . ,M

(t,λ)
p,αn

(xn, yn)
)
≥ M (t,λ)

p,αn+1
(f(x1, . . . , xn), g(y1, . . . , yn))

for all x = (x1, · · · , xn), y = (y1, · · · , yn) ∈ (R+)
n such that f(x)g(y) > 0 and

for all λ ∈ (0, 1).

Then∫
(R+)n

h(x)dx

≥

M t
pγ

(∫
(R+)n

f(x)dx,
∫
(R+)n

g(x)dx
)
, αn+1 ≥ β,

sup0<λ<1 min
{
[Cp,λ,t]

1
γ
∫
(R+)n

f(x)dx, [Dp,λ,t]
1
γ
∫
(R+)n

g(x)dx
}
, αn+1 < β,

where β = −
(∑n

i=1 α
−1
i

)−1
and γ =

(∑n+1
i=1 α−1

i

)−1

.
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Main idea of proof

hyp(m) = h̃yp(m), Vn+1(hyp(m)) =
∫
Rn m(x)dx, m ∈ {f, g, h}.

ᾱ = (1, · · · , α):
Vn+1(hyp(h))

=

∫
Rn

h(z)dz

≥
∫
Rn

sup
0<λ<1

[
sup

z=Cp,λ,tx+Dp,λ,ty
M (t,λ)

p,α (f(x), g(y))

]
dz

=

∫
Rn

V1([(1− t)×p,α hyp(f) +p,α t×p,α hyp(g)] ∩ (R+ + z))dz

= Vn+1((1− t)×p,α hyp(f) +p,α t×p,α hyp(g))

≥

{
M t

pγ(Vn+1(hyp(f)), Vn+1(hyp(g))), if α ≥ − 1
n
,

sup0<λ<1 min
{
[Cp,λ,t]

1
γ Vn+1(hyp(f)), [Dp,λ,t]

1
γ Vn+1(hyp(g))

}
, if α < − 1

n

=

{
M t

pγ

(∫
Rn f,

∫
Rn g

)
, if α ≥ − 1

n
,

sup0<λ<1

{
min

{
[Cp,λ,t]

1
γ
∫
Rn f, [Dp,λ,t]

1
γ
∫
Rn g

}}
, if α < − 1

n
.

Repeat the above with respect to the multiple power parameters.
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Normalized Lp BBL inequality

Normalized Lp BBL inequality

Let p ≥ 1, 1
p + 1

q = 1, t ∈ (0, 1), and α, β ∈ [−∞,∞] be such that α+ β ≥ 0.
Let f, g, h : Rn → R+ be a triple of integrable functions satisfying the condition

h (Cp,λ,tx+Dp,λ,ty) ≥ M (t,λ)
p,α (f(x), g(y))

for all x, y ∈ Rn such that f(x)g(y) > 0 and all λ ∈ (0, 1).

Then(∫
Rn

h(x)dx

)
·M t

pβ(∥f∥−1
∞ , ∥g∥−1

∞ )

≥

M t
pδ

( ∫
Rn f(x)dx

∥f∥∞
,
∫
Rn g(x)dx

∥g∥∞

)
if αβ

α+β ≥ − 1
n ,

sup0<λ<1

{
min

{
[Cp,λ,t]

1
δ

∫
Rn f(x)dx

∥f∥∞
, [Dp,λ,t]

1
δ

∫
Rn g(x)dx

∥g∥∞

}}
, if αβ

α+β < − 1
n ,

where δ = (α−1 + β−1 + n)−1.

We also obtained the normalized version in low-dimensional cases with
Rn = H ×H⊥.
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Normalized Lp BBL inequality

Normalized Lp BBL inequality

Let p ≥ 1, 1
p + 1

q = 1, t ∈ (0, 1), and α, β ∈ [−∞,∞] be such that α+ β ≥ 0.
Let f, g, h : Rn → R+ be a triple of integrable functions satisfying the condition

h (Cp,λ,tx+Dp,λ,ty) ≥ M (t,λ)
p,α (f(x), g(y))

for all x, y ∈ Rn such that f(x)g(y) > 0 and all λ ∈ (0, 1).Then(∫
Rn

h(x)dx

)
·M t

pβ(∥f∥−1
∞ , ∥g∥−1

∞ )

≥

M t
pδ

( ∫
Rn f(x)dx

∥f∥∞
,
∫
Rn g(x)dx

∥g∥∞

)
if αβ

α+β ≥ − 1
n ,

sup0<λ<1

{
min

{
[Cp,λ,t]

1
δ

∫
Rn f(x)dx

∥f∥∞
, [Dp,λ,t]

1
δ

∫
Rn g(x)dx

∥g∥∞

}}
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Multiple Lp supremal-convolution

Lp,ᾱ supremal-convolution

We define Lp,ᾱ supremal-convolution of f, g : Rn
+ → R+ as

((1− t)×p,ᾱ f +p,ᾱ t×p,ᾱ g)(z1, · · · , zn)

= sup
0<λ<1

 sup
zi=M

(t,λ)
p,αi

(xi,yi),1≤i≤n

M (t,λ)
p,αn+1

(f(x1, · · · , xn), g(y1, · · · , yn))

 .

Brunn-Minkowski type inequality∫
Rn

(
(1− t)×p,ᾱ f ⊕p,ᾱ t×p,ᾱ g

)
(x)dx

≥

M t
pγ

(∫
(R+)n

f(x)dx,
∫
(R+)n

g(x)dx
)
, if αn+1 ≥ β,

sup0<λ<1 min
{
[Cp,λ,t]

1
γ
∫
(R+)n

f(x)dx, [Dp,λ,t]
1
γ
∫
(R+)n

g(x)dx
}
, if αn+1 < β,

where p ≥ 1, β = −
(∑n

i=1 α
−1
i

)−1
and γ =

(∑n+1
i=1 α−1

i

)−1

.
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Lp-µ-surface area of a µ-integrable function

Lp-µ-surface area of a µ-integrable function

Let µ be a Borel measure on Rn, p ≥ 1, and ᾱ = (α1, · · · , αn+1) ∈ [0,∞]n+1.
We define the Lp-µ-surface area of a µ-integrable function f : Rn → R+ with
respect to a µ-integrable function g by

Sµ,p,ᾱ(f, g) := lim inf
ε→0+

∫
Rn f ⊕p,ᾱ (ε×p,ᾱ g)dµ−

∫
Rn fdµ

ε
.

If µ is the Lebesgue measure on Rn, we will simply denote it as Sp,ᾱ.

★ αi = 1 for 1 ≤ i ≤ n and αn+1 = 1
s :

(1) f ⊕p,ᾱ (ε×p,ᾱ g) recovers the Lp,s-supremal-convolution in
Roysdon-Xing, TRAMS, 2020;

(2) Sµ,p,ᾱ(f, g) reduces to the Lp-µ-surface area of a µ-integrable function f
with respect to a µ-integrable function g via Lp,s-supremal-convolution.
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Minkowski’s first inequality

Lp-Minkowski’s first inequality in terms of Lp,ᾱ

supremal-convolution for functions

Let p ∈ [1,∞), ᾱ = (α1, · · · , αn+1) ∈ [0,∞]n+1, and F : R+ → R be a
differentiable invertible function. Let µ be a Borel measure on Rn, and assume
that µ is F (t)-concave of non-negative bounded µ-integrable functions and the
Lp,ᾱ–supremal convolution. Then

Sµ,p,ᾱ(f, g) ≥ Sµ,p,ᾱ(f, f) +
F
(∫

Rn gdµ
)
− F

(∫
Rn fdµ

)
F ′

(∫
Rn fdµ

) .

★
∫
Rn fdµ =

∫
Rn gdµ: Isoperimetric inequality,

Sµ,p,ᾱ(f, g) ≥ Sµ,p,ᾱ(f, f).
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Concluding remarks

✧ We also obtained the normalized version of the Lp,ᾱ curvilinear
Brunn-Minkowski inequality for sets and Lp,ᾱ Borell-Brascamp-Lieb
inequality for measures for p ≥ 1.

✧ The case for 0 < p < 1 is still open!

✦ Conjecture: Local version of Lp,ᾱ curvilinear Brunn-Minkowski inequality for
sets and Lp,ᾱ Borell-Brascamp-Lieb inequality for functions similar to Local
Lp Brunn-Minkowski inequality for convex bodies.

✦ Trial: Lp,ᾱ curvilinear Brunn-Minkowski inequality for unconditional or
symmetric sets.
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✦ Trial: Lp,ᾱ curvilinear Brunn-Minkowski inequality for unconditional or
symmetric sets.

Sudan Xing On Multiple Lp-curvilinear-Brunn-Minkowski inequality25 / 26



Curvilinear Brunn-Minkowski inequality Borell-Brascamp-Lieb inequality Multiple Lp curvilinear Brunn-Minkowski inequality Multiple Lp Borell-Brascamp-Lieb inequality

Concluding remarks

✧ We also obtained the normalized version of the Lp,ᾱ curvilinear
Brunn-Minkowski inequality for sets and Lp,ᾱ Borell-Brascamp-Lieb
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Thank You !
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