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Curvilinear Brunn-Minkowski inequality

Section 1

© Curvilinear Brunn-Minkowski inequality
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linear Brunn-Minkc inequality

Minkowski summation

a-mean of numbers

For a,b >0, a € [—00,00] and ¢ € [0, 1],

(1~ t)a + 0],
alftbt

max{a,b},

min{a, b},

Mé(a,b) =

if ab > 0, and M/ (a,b) =0 if ab = 0.

if a #£ 0, +00,
if =0,

if = +00,
if a = —o0,
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Curvilinear Brunn-Min i inequality Borell-Brascam

Minkowski summation

a-mean of numbers
For a,b >0, a € [—00,00] and ¢ € [0, 1],

[(1—t)a® 4+ tb*]=, if a # 0, o0,

1—tpt e
M (a,b) = a b, if =0,
max{a,b}, if @ =400,
min{a, b}, if « = —o0,

if ab > 0, and M/ (a,b) =0 if ab = 0.

Minkowski summation
For A, B C R™,

(1-t)A+tB
={1-tix+ty:x€ Aye B}
= {(Mf(xlayl)v 7Mf(xn7yn)) T = (xla"' 7xn) € A7y: (yl»"' ayn) € B}
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Brunn-Minkowski inequality

Brunn-Minkowski inequality

For any measurable sets A, B C R",
Vn((l - t)A + tB) 2 Mf/n(vn(A)’ Vn(B))a

with equality holds if and only if A and B are homothetic, where V,,(-) denotes
the volume (Lebesgue measure) for sets in R™.
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Brunn-Minkowski inequality

For any measurable sets A, B C R",

Vn((l - t)A + tB) 2 M{/n(Vn(A)a Vn(B))a

with equality holds if and only if A and B are homothetic, where V,,(-) denotes
the volume (Lebesgue measure) for sets in R™.

Curvilinear convex combination (Uhrin, ADV, 1994)
For A,BCR" xR, t € (0,1), and & € [—00, 7],

(1—t) Xa A4+atxa B
{((1—tx+ty,l\lf,(ab)):( a) € A, (y,b) € B}
{(Mi5 (z1,v1), Ml(azn,yn),Ma(a,b)) s (x1, 0 yxnya) €A (Y1, ,Yn,b) € B}.
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Brunn-Minkowski 1nequahty

Brunn-Minkowski inequality

For any measurable sets A, B C R",

Vn((l - t)A + tB) 2 M{/n(Vn(A)a Vn(B))a

with equality holds if and only if A and B are homothetic, where V,,(-) denotes
the volume (Lebesgue measure) for sets in R™.

Curvilinear convex combination (Uhrin, ADV, 1994)
For A,BCR" xR, t € (0,1), and & € [—00, 7],

(1—t) Xa A4+atxa B
{((1—tx+ty,l\lf,(ab)):( a) € A, (y,b) € B}
{(Mi5 (z1,v1), Ml(azn,yn),Ma(a,b)) s (x1, 0 yxnya) €A (Y1, ,Yn,b) € B}.

@ o = 1: Minkowski summation in R"*+1,
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Curvilinear Brunn-Minkc inequality

Compression

Hypo-graph
For f: R" — R4 =[0,00),

hyp(f) :={(z,r) e R" xR, : 0 <r < f(x)}.
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Curvilinear Brunn-Min i inequality

Compression

Hypo-graph
For f: R" — R4 =[0,00),

hyp(f) :={(z,r) e R" xR, : 0 <r < f(x)}.

Compression (Blaschke, 1917)

The compression of A C R™ x R which is also known as shaking, is

A = hyp(Va),

where the segment function V4(2) = V1 (AN (R +2)),AN(z+Ry) # 0,z € R™.
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Curvilinear Brunn-Minkowski inequality

Curvilinear Brunn-Minkowski inequality

Curvilinear Brunn-Minkowski inequality (Uhrin, ADV,
1994)

For a € [—00, 0] and any bounded Borel subsets A, B C R™ x R, each having
finite positive volume, and ¢ € (0,1), one has

Vig1(1 —t) xo A+4t X4 B)
M%(Vn-&-l(A)vVn-l-l(B))’ if a > —

n
1+na 14na

min{(l—t) R Vg (A), 155 VnH(B)}, if o < — 1,

@ a = 1: Brunn-Minkowski inequality in R™*1,
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Curv111near Brunn-Minkowski inequality

Curvilinear Brunn-Minkowski inequality (Uhrin, ADV,
1994)

For a € [—00, 0] and any bounded Borel subsets A, B C R™ x R, each having
finite positive volume, and ¢ € (0,1), one has

Vig1(1 —t) xo A+4t X4 B)

Mﬁ% (Vn-‘rl(A) VTL-‘rl(B))a if a 2 _%7
min{(l — )22y, (4), ¢80 VnH(B)}, if o < —L.
e « = 1: Brunn-Minkowski inequality in R+,
o (i) Vi(4) = Vi (A), V,(B) = V,(B). ~ }
(i) Vig1 (1 =) Xag A+at X B) 2 Vo1 (1 —t) xq A4t Xq B).
(iii)

Vas1((1 = 1) Xa A+at xa B)
{]WL“ (Vn+1(f1), Vn+1(B)) ifa>—21

min{(l — )V (A), (B)} , ifa< -1
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Borell-Brascamp-Lieb inequality

Let @ € [—00,00], t € (0,1), and f,g,h: R™ — R, be a triple of integrable
functions satisfying the condition

h((1 = t)a +ty) > Mo (f(2), 9(y))

for all z,y € R™ such that f(z)g(y) > 0. Then

Mf i x)d x)d if > —1,
h(x)d.’]) Z (IR” 1+wa x fR" xzﬁla I ¢ B "
Rn mm{ (1—1) Jgn f(@)d,t Jn 9(x)dz}, if o< -1
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Borell-Brascamp-Lieb inequality

Let @ € [—00,00], t € (0,1), and f,g,h: R™ — R, be a triple of integrable
functions satisfying the condition

h((1 = t)a +ty) > Mo (f(2), 9(y))

for all z,y € R™ such that f(z)g(y) > 0. Then

h(z)dz > 1+ (IR” 2)dz, [gn 9( dx) if o > _%7
= mln{ 1 _t 1+wa fRn d]} t *"a f]Rn d.f}, if a< _%_

Rn

<> Methods:
(1) Mass transportation;
(2) Hypo-graphs for functions and Curvilinear Brunn-Minkowski inequality,

etc.
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Borell-Brascamp-Lieb inequality

Let @ € [—00,00], t € (0,1), and f,g,h: R™ — R, be a triple of integrable
functions satisfying the condition

h((1 = t)a +ty) > Mo (f(2), 9(y))

for all z,y € R™ such that f(z)g(y) > 0. Then

h(z)dz > 1+ (IR” 2)dz, [gn 9( dx) if o > _%7
= mln{ 1 _t 1+wa fRn d]} t *"a f]Rn d.f}, if a< _%_

Rn

<> Methods:
(1) Mass transportation;
(2) Hypo-graphs for functions and Curvilinear Brunn-Minkowski inequality,
etc.

< «a = 0: Prékopa-Leindler inequality.
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Borell- Brascamp-Lleb 1nequa11ty

Borell-Brascamp-Lieb inequality

Let @ € [—00,00], t € (0,1), and f,g,h: R™ — R, be a triple of integrable
functions satisfying the condition

h((1 = t)a +ty) > Mo (f(2), 9(y))

for all z,y € R™ such that f(z)g(y) > 0. Then

h(z)dz > 1+ (IR” 2)dz, [gn 9( dx) if o > _%7
= mln{ 1 _t 1+wa fRn d]} t *"a f]Rn d.f}, if a< _%_

Rn

<> Methods:
(1) Mass transportation;
(2) Hypo-graphs for functions and Curvilinear Brunn-Minkowski inequality,
etc.

< «a = 0: Prékopa-Leindler inequality.

< f=xxK, g = xr: Dimension-free Brunn-Minkowski inequality for convex
bodies K, L.
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L, coefficients (Quasilinearzation)

L, coefficients: For t,\ € (0,1), p > 0, % + % =1, denote

1 1 1 1
Cprii=(1—1)7(1=N)a and D, 5, :=tr \s.
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L, coefficients (Quasilinearzation)

+ = =1, denote

L, coefficients: For t,\ € (0,1), p > 0, %

1

p
1 1 1 1

Cprt = (1—)7(1 = X)7 and D, 5, :=twAa.

L, c-mean of numbers

For a,b>0, p > 1, %—i—%:l, a € [—o00, 0], and t, A € (0,1),

[Cpria® + Dy acb®]a , if a % 0, %00,

MEN (g, 5) = 4 2B Fo=0
P max{a, b}, if = 400,
min{a, b}, if @ = —0o0,

if ab > 0 and M/} (a,b) = 0 otherwise.
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L, coefficients (Quasilinearzation)

+ = =1, denote

L, coefficients: For t,\ € (0,1), p > 0, %

1

p
1 1 1 1

Cprt = (1—)7(1 = X)7 and D, 5, :=twAa.

L, c-mean of numbers

For a,b>0, p > 1, %—i—%:l, a € [—o00, 0], and t, A € (0,1),

[Cpria® + Dy acb®]a , if a % 0, %00,

MEN (g, 5) = 4 2B Fo=0
P max{a, b}, if = 400,
min{a, b}, if @ = —0o0,

if ab > 0 and M/} (a,b) = 0 otherwise.

o p>1: supgr<i(Cpaia+ Dya i) = M)(a,b).
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L, coefficients (Quasilinearzation)

+ = =1, denote

L, coefficients: For t,\ € (0,1), p > 0, %

1

p
1 1 1 1

Cprt = (1—)7(1 = X)7 and D, 5, :=twAa.

L, c-mean of numbers

For a,b>0, p > 1, %—i—%:l, a € [—o00, 0], and t, A € (0,1),

[Cpria® + Dy acb®]a , if a % 0, %00,

MEN (g, 5) = 4 2B Fo=0
P max{a, b}, if = 400,
min{a, b}, if @ = —0o0,

if ab > 0 and M/} (a,b) = 0 otherwise.

o p>1: supgr<i(Cpaia+ Dya i) = M)(a,b).
e 0<p<l: inf0<A<1(Cp’,\,f,(l + Dp7,\’tb) = ]W;(a, b)
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L, Brunn-Minkowski inequality

Generalized L, Minkowski summation (LYZ, AAM, 2012)

For measurable sets A, B C R", the L, Minkowski summation is defined as

(1 — t) “p A +p t “p B = UogAgl(Cp,A,tA + Dp)\,tB), p>1.
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L, Brunn-Minkowski inequality

Generalized L, Minkowski summation (LYZ, AAM, 2012)

For measurable sets A, B C R", the L, Minkowski summation is defined as

(1 — t) “p A +p t “p B = UogAgl(Cp,A,tA + Dp)\,tB), p>1.

ep=1(1-t)pA+,t, B=(1—-t)A+1B.
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L, Brunn-Minkowski inequality

Generalized L, Minkowski summation (LYZ, AAM, 2012)

For measurable sets A, B C R", the L, Minkowski summation is defined as

(1—t)p A+pt-p B=Uo<r<1(CpriA+ DyaiB), p>1.

ep=1(1-t)pA+,t, B=(1—-t)A+1B.

L, Brunn-Minkowski inequality

For p > 1, A, B C R™ are measurable sets, then

Va1 =) p A+ptp B) 2 My, (Va(A), Va(B))-
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L, Brunn-Minkowski inequality

Generalized L, Minkowski summation (LYZ, AAM, 2012)

For measurable sets A, B C R", the L, Minkowski summation is defined as

(1—t)p A+pt-p B=Uo<r<1(CpriA+ DyaiB), p>1.

ep=1(1-t)pA+,t, B=(1—-t)A+1B.

L, Brunn-Minkowski inequality

For p > 1, A, B C R™ are measurable sets, then

Va1 =) p A+ptp B) 2 My, (Va(A), Va(B))-

@ p = 1: the classical Brunn-Minkowski inequality for measurable sets.
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Multiple L,-curvilinear summation

Forp>1, A, BC }RT’l, a= (ag,...,Qn41) where a; € [—00, 0] for each
= 1,...,77,+1, (501,...71’71_;,_1) S A, (y17~--7yn+1) € B,

(1 - t) ®p,& A @p,& t ®p,6¢ B

- U {(Méf:ﬁ)(:m,yl),...,M;f;33+l<xn+1,yn+l))},n20,
0<A<1

For 0 < p <1, replace [ Jj_,_; by [y, above.
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Multiple L,-curvilinear summation

Forp>1, A, BC }RT’l, a= (ag,...,Qn41) where a; € [—00, 0] for each
= 1,...,77,+1, (501,...71’71_;,_1) S A, (y17~--7yn+1) € B,

(1 - t) ®p,& A @p,& t ®p,6¢ B

- U {(Méf:ﬁ)(:m,yl),...,M;f;33+l<xn+1,yn+l))},n20,
0<A<1

For 0 < p <1, replace [ Jj_,_; by [y, above.

* a=(1,...,1,a): Ly ,-curvilinear combination,
(1—-1%) Xpa A+patXpaB

Uoerer { (Coore + Dyonay, MED (a,0)) : (w,0) € A, (y,0) € B}, n>0,
U0<A<1 M}(,f(’f)(a,b) ZGEAybEB}7 n=0
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Multiple L,-curvilinear summation

Forp>1, A, BC }RT’l, a= (ag,...,Qn41) where a; € [—00, 0] for each
= 1,...,77,+1, (501,...71’71_;,_1) S A, (y17~--7yn+1) € B,

(1 - t) ®p,& A @p,& t ®p,6¢ B

- U {(Méf:ﬁ)(:m,yl),...,M;f;33+l<xn+1,yn+l))},n20,
0<A<1

For 0 < p <1, replace [ Jj_,_; by [y, above.

* a=(1,...,1,a): Ly ,-curvilinear combination,
(1—1%)XpaA+patltXpaB
Uoerer { (Conew + Dporay, MY (0,0)) : (w,a) € A, (y,b) € B, n =0,
B M,Eff)(a,b):aeA,beB}, n=0

UO<)\<1

* a=(1,...,1,1) (1—t)xXpaA+patXpaB=(1—-1t)p A+, t-, B.
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Multiple L,-curvilinear summation

L, s-curvilinear summation (Roysdon-Xing, 2022)

Forp>1, A, BC }RT’l, a= (ag,...,Qn41) where a; € [—00, 0] for each
= 1,...,77,+1, (501,...71’71_;,_1) S A, (y17~--7yn+1) € B,

(1 - t) ®p,& A @p,& t ®p,6¢ B

- U {(Méf:ﬁ)(:m,yl),...,M;f;33+l<xn+1,yn+l))},n20,
0<A<1

For 0 < p <1, replace [ Jj_,_; by [y, above.

* a=(1,...,1,a): Ly ,-curvilinear combination,
(1—1%)XpaA+patltXpaB

Uoerer { (Coore + Dyonay, MED (a,0)) : (w,0) € A, (y,0) € B}, n>0,
M,Eff)(a,b):aeA,beB}, n=0

UO<)\<1

* a=(1,...,1,1) (1—t)xXpaA+patXpaB=(1—-1t)p A+, t-, B.
* p=1 (1 —t) Xpa A+patXpaB=(1—1) Xq A+,t Xy B.
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L, a-curvilinear Brunn-Minkowski inequality

L, s-curvilinear Brunn-Minkowski inequality

Let p>1,t€(0,1), and @ = (ay,...,n11) With a; € (0,1] fori =1,...,n.

Suppose that A, B C (R )"*! are bounded Borel sets of positive volume, then
Vn+1((1 - t) ®p,6¢ A @p,& t ®p,5¢ B)

S My, (Vat1(A), Vat1(B)), if ani1 > B,
1 .
= \sup {min { [Cpori]? Vas1(4), [Dpral " Vass (B) } s 0 < A< 1}, if ansa < B,

2=

where 8= — (Y0, ;") and v = (Z?:Jrll a;l)_l :
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L, a-curvilinear Brunn-Minkowski inequality

L, s-curvilinear Brunn-Minkowski inequality

Let p>1,t€(0,1), and @ = (ay,...,n11) With a; € (0,1] fori =1,...,n.
Suppose that A, B C (R )"*! are bounded Borel sets of positive volume, then

Vn+1((1 - t) ®p,6¢ A @p,& t ®p,5¢ B)

S My, (Vat1(A), Vat1(B)), if ani1 > B,
1 .
= \sup {min { [Cpori]? Vas1(4), [Dpral " Vass (B) } s 0 < A< 1}, if ansa < B,

2=

where 8= — (Y0, ;") and v = (Z?:Jrll a;l)_l :

S a=(1,--,1):
(i) (1—t)QpaA®pat@paB=(1-t)pA+pt-p B: the L, Minkowski
summation.
(ii): Ly, a-curvilinear-Brunn-Minkowski inequality reduces to the L, Brunn-
Minkowski inequality in R™*1.
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Main idea: Mathematical induction

@ Stepl: dim=1.Letp>1,t€(0,1), and a € [-00,1] and sets A, B C R
be of the form A = J;,[a;,b;], B = U?zl[cj,dj], where the intervals in K
and L have mutually disjoint interiors and m,n € N. Then
Vi((1—1t) Xpa Adpatl Xpa B) > M (Vi(A),Vi(B)).
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Main idea: Mathematical induction

@ Stepl: dim=1.Letp>1,t€(0,1), and a € [-00,1] and sets A, B C R
be of the form A = J;,[a;,b;], B = U?zl[cj,dj], where the intervals in K
and L have mutually disjoint interiors and m,n € N. Then
Vi((1—1t) Xpa Adpatl Xpa B) > M (Vi(A),Vi(B)).

@ Step 2: dim = n + 1 and Compression. Let p > 1, ¢ € (0,1), a € [—00, 1]
and A, B C R™ x Ry with V,,11(A), Vy,x1(B) > 0. Then

Va1 (1 =1) Xpa Atpat Xpa B) = Var1((1 = 1) Xpa A Fpal Xpa B)
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Main idea: Mathematical induction

@ Stepl: dim=1.Letp>1,t€(0,1), and a € [-00,1] and sets A, B C R
be of the form A = J;,[a;,b;], B = U?Zl[cj,dj], where the intervals in K
and L have mutually disjoint interiors and m,n € N. Then
Vi((1—1t) Xpa Adpatl Xpa B) > M (Vi(A),Vi(B)).

@ Step 2: dim = n + 1 and Compression. Let p > 1, ¢ € (0,1), a € [—00, 1]
and A, B C R™ x Ry with V,,11(A), Vy,x1(B) > 0. Then

Vi1 (1 =) Xpa Adpat Xpa B) > Vig1 (1 =) Xpo Adpat Xpa B).
@ Step 3: dim = n + 1 and L, o-curvilinear-Brunn-Minkowski inequality. Let
p>1, %—l—%:l, te€(0,1), a € [-00,00] and A, B C R"” x R, with
A=A B=B. Then for y = %,
Vat1(L—1t) Xpa A+pat Xpa B)
> M;'y(vn+1(A)7 Vn+1(B)1)7 ) if o > _%7
= \supocrcr min { [Cpond] ™ Vars1 (4), Dpoad] 7 Vasa (B)}, i o< — 4
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Main idea: Mathematical induction

@ Stepl: dim=1.Letp>1,t€(0,1), and a € [-00,1] and sets A, B C R
be of the form A = J;,[a;,b;], B = U?Zl[cj,dj], where the intervals in K
and L have mutually disjoint interiors and m,n € N. Then
Vi((1—1t) Xpa Adpatl Xpa B) > M (Vi(A),Vi(B)).

@ Step 2: dim = n + 1 and Compression. Let p > 1, ¢ € (0,1), a € [—00, 1]
and A, B C R™ x Ry with V,,11(A), Vy,x1(B) > 0. Then

Vi1 (1= t) Xpa Adpat Xpa B) > Va1 (1 —t) Xpa A+patXpa B).

@ Step 3: dim = n + 1 and L, o-curvilinear-Brunn-Minkowski inequality. Let
p>1, %—l—%:l, te€(0,1), a € [-00,00] and A, B C R"” x R, with

A=A B=B. Then for y = %,

Vat1(L—1t) Xpa A+pat Xpa B)

> M;'y(vn+1(A)7 Vn+1(B)1)7 ) if o > _%7
= \suwpocrct min { [Cpi] ™ Vasa(A), Dy Vasa(B) }, i e < =1

@ Step 4: Repeat the above with respect to the multiple power parameters.
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Normalized L, curvilinear BMI

o Generalized segment function: Vi y(y) = Vir1(A N (H + y)), where
H C Gy, (Grassmannian manifold), k € {0,1,--- ,n}, y € H* and
H=H xRy for ACR" x R,.

k = 0: the classic segment function.
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Normalized L, curvilinear BMI

o Generalized segment function: Vi y(y) = Vir1(A N (H + y)), where
H C Gy, (Grassmannian manifold), k € {0,1,--- ,n}, y € H* and
H=H xRy for ACR" x R,.

k = 0: the classic segment function.
e Optimal norm: [[V4 |l = supyepr Va,u(y).
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Normalized L, curvilinear BMI

o Generalized segment function: Vi y(y) = Vir1(A N (H + y)), where
H C Gy, (Grassmannian manifold), k € {0,1,--- ,n}, y € H* and
H=H xRy for ACR" x R,.
k = 0: the classic segment function.

e Optimal norm: [[V4 |l = supyepr Va,u(y).

@ Normalized super-level set: Cp.(Va m) = {y € HY: Vanuly) > 7'||VA7H||OO}
for0<r<1.
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Normalized L, curvilinear BMI

o Generalized segment function: Vi y(y) = Vir1(A N (H + y)), where
H C Gy, (Grassmannian manifold), k € {0,1,--- ,n}, y € H* and
H=H xRy for ACR" x R,.
k = 0: the classic segment function.

e Optimal norm: [[V4 |l = supyepr Va,u(y).

@ Normalized super-level set: Cp.(Va m) = {y € HY: Vanuly) > 7'||VA7H||OO}
for0<r<1.

@ Normalized compression:

AH:{(y,r)EHLxR+:O§r< ”“/}“H(‘i’) Aﬂ(ﬁ—&—y);ﬁ@}.
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Normalized L, curvilinear BMI

o Generalized segment function: Vi y(y) = Vir1(A N (H + y)), where
H C Gy, (Grassmannian manifold), k € {0,1,--- ,n}, y € H* and
H=H xRy for ACR" x R,.
k = 0: the classic segment function.

e Optimal norm: [[V4 |l = supyepr Va,u(y).

@ Normalized super-level set: C.(Va i) = {y € HY: Vanuly) > 7'||VA7H||OO}
for0<r<1.

@ Normalized compression:

AH:{(y,r)EHLxR+:O§r< ”“//f‘H(”’) Aﬂ(]:[—&—y);é(l)}.

Normalized version
Letp>1, %Jr%zl,te(o,l),A,BCR”xR+,A:A B = B. Then
Vai1(1 = t) Xpa A+pat Xpa B) Mps(|[Vaulls, IVe,ull<)

> Vn7k+l((1 - t) Xp,8 Ap +p,5 t Xp,s BH)a if afﬁ > _%7
- Vn,k+1((1—t) ><p’(S An —|—p’515><p’(s BH)7 if

oHrﬂ <=

where § = (et + 3871 + k)~ and o+ 8 > 0.
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-u~surface area

L, 5-p-surface area

Let i be a Borel measure on R"!, p > 1, and @ = (a1, -+ ,pt1) € [0, 00]" L.

We define the L, 5-pu-surface area of a p-integrable set A with respect to a
p-integrable set B by

Sy p.a(A, B) := liminf WA +pa e xpaB) = m(A)

e—0t £
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L, a-p-surface area

L, 5-p-surface area

Let i be a Borel measure on R"!, p > 1, and @ = (a1, -+ ,pt1) € [0, 00]" L.
We define the L, 5-pu-surface area of a p-integrable set A with respect to a
p-integrable set B by

Sy p.a(A, B) := liminf WA +pa e xpaB) = m(A)

e—0t £

* pp=Vopa():
The L, surface area with respect to the L, s-curvilinear summation has the
following form,

S *(A B) o hrn ‘/nJrl(A +p,5¢ £ Xp,& B) - ‘/n,+l(A)
p,a ) - .

e—0t e
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L, a-p-surface area

L, 5-p-surface area

Let i be a Borel measure on R"!, p > 1, and @ = (a1, -+ ,pt1) € [0, 00]" L.

We define the L, 5-pu-surface area of a p-integrable set A with respect to a
p-integrable set B by

Sy p.a(A, B) := liminf WA +pa e xpaB) = m(A)

e—0t £

* pp=Vopa():
The L, surface area with respect to the L, s-curvilinear summation has the
following form,

S *(A B) o hrn ‘/nJrl(A +p,5¢ £ Xp,& B) - ‘/n,+l(A)
p,a ) - .

e—0t e

*x a=(1,---,1), p> 1. Wu, AAM, 2017.
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L, a-p-surface area

L, 5-p-surface area

Let i be a Borel measure on R"!, p > 1, and @ = (a1, -+ ,pt1) € [0, 00]" L.
We define the L, 5-pu-surface area of a p-integrable set A with respect to a
p-integrable set B by

Sy p.a(A, B) := liminf WA +pa e xpaB) = m(A)

e—0t £

* pp=Vopa():
The L, surface area with respect to the L, s-curvilinear summation has the
following form,

S *(A B) o hrn ‘/nJrl(A +p,5¢ £ Xp,& B) - ‘/n,+l(A)
p,a ) - .

e—0t €
*x a=(1,---,1), p> 1. Wu, AAM, 2017.
*x a=(1,---,1), p=1: Livshyts, ADV, 2017.
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L,-Minkowski’s first inequality

L,-Minkowski’s first inequality

Let p € [1,00), @ = (a1, ,ant1) € [0,00" ! and F: Ry — R bea
differentiable invertible function. Let u be a Borel measure on R™*! which is
F(t)-concave of Ly, 5-curvilinear summation for any two p-measurable sets
A,B C R™"!, then

Supa(Ad,B) > S, pa(A,A)+

* u(A) = p(B): Isoperimetric inequality,
SupalA,B)>8,,a(AA).
* pefl,x), a=(ar, - ,,ani1) € (0,1]+:
Vn+1 (B)pﬂ/ — Vn+1 (A)[W
PYVnir (A)P 1

Sp.a(A,B) > Spa(AA)+

b

-1
where ~ = (z;‘jf a;l) M Vi1 (A) = Vit (B) > 0, then
Sy a(A,B) > Sy.a(A, A).
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Section 4

@ Multiple L, Borell-Brascamp-Lieb inequality

On Multiple Lp-curvilinear-Brunn-Minkc



ilinear Bru Tink ! lit Borell-Brascam

Multiple L, Borell-Brascamp-Lieb inequality

Multiple L, Borell-Brascamp-Lieb inequality

Letp>1,pt4+q¢gt=11t€(0,1),a=(a,...,ant1), a; € (0,1] for all
i=1,...,n. Suppose that f,g,h: (R.)" — R, are a triple of bounded
integrable functions satisfying

h (Mg{’fi) (Z1,91)y- -, Mz()f(’é,)(ajn,yn)) > ]V[Z()T(’;\”)vl(f(:(;h ces Zn)s 9(Y1, oy Yn))

forall x = (z1, -+ ,2n),y = (Y1, - ,yn) € (Ry)™ such that f(z)g(y) > 0 and
for all A € (0,1).
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Borell-Brascam

Multlple Lp Borell-Brascamp-Lleb inequality

Multiple L, Borell-Brascamp-Lieb inequality

Letp>1,pt4+q¢gt=11t€(0,1),a=(a,...,ant1), a; € (0,1] for all
i=1,...,n. Suppose that f,g,h: (R.)" — R, are a triple of bounded
integrable functions satisfying

B (MEY @1 0), -, MY (@, yn) ) 2 MUY (F@1,- 3 20)s 901, - Yn)

forall x = (21, -+ ,2n),y = (Y1, ,Yn) € (Ry)™ such that f(z)g(y) > 0 and
for all A € (0,1). Then
/ h(z)dx
Ry)™
> My, <f<R yn f(@)d2, fg )n g(x)dm)’ nt1 2 5,
> 1 1
SUPg< <1 min {[Cp,)\,t] v I(R+)'IL f(m)dx, [Dp,)\,t] Y f(R+)'rL g(l‘)dl’} y Q41 < 57

where = — Sy a; ") and 7 = (T art)
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Main idea of proof

—_~—

e hyp(m) = hyp(m), Vagi(hyp(m)) = [5. m(x)dz, me{f,g,h}.
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Main idea of proof

—_~—

e hyp(m) = hyp(m), Vagi(hyp(m)) = [5. m(x)dz, me{f,g,h}.
ea=(1-,a)
Vit ( hyp( )

.1
/

>

sup |: sup MIE?&)\) (f(x)ag(y)):| dz
R7 0<ALL [2=Cp  tx+Dp x 1Y
- / [(1 = 1) Xpa hyp(F) +pa t Xpua hyp(9)] 1 (R + 2))dz
= Vo1 (1 = 1) Xp,a hyp(f) +p,a t Xp,a hyp(g))
[ M (Vi (g (1), Vi (hyp(9))). if o2~
1 1 .
| supgcrcq min {[Cp at) Y Vg (hyp(f)), [Dp,a,e] 7 Vn+1(hyp(g))} , ifa<—1
fwffw ) ifaz—%,
1 . 1
SUPg<x <1 mln{ IVIE fRnﬂ Dp i)™ vatg}}7 ifa<—3.
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Main idea of proof

—_~—

e hyp(m) = hyp(m), Vagi(hyp(m)) = [5. m(x)dz, me{f,g,h}.
ea=(1-,a)
Vit ( hyp( )

.1
/

>

sup [ sup Mgg,t&k)(f(x),g(y))} dz
R7 0<ALL [2=Cp  tx+Dp x 1Y
- / [(1 = 1) Xpa hyp(F) +pa t Xpua hyp(9)] 1 (R + 2))dz
= Vo1 (1 = 1) Xp,a hyp(f) +p,a t Xp,a hyp(g))
[ M (Vi (g (1), Vi (hyp(9))). faz-3,
1 1 .
| supgcrcq min {[Cp ] Vagr(hyp(f)), [Dp,a,e] Vn+1(hyp(g))} , ifa< *%
M (fuo £ Jin 9) faz =5,
= R L . 1
SUPg<x <1 {mln{ IVIE _]Rn [y [Dpoa el vatg}}7 ifa<—3.

@ Repeat the above with respect to the multiple power parameters.
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1equalit Borell-Bra

Normallzed L, BBL lnequahty

Normalized L, BBL inequality

Let p > 1, %—i— % =1,t€(0,1), and o, 8 € [—00, 0] be such that a + 3 > 0.
Let f,g,h: R® — R be a triple of integrable functions satisfying the condition

h (Cp,)\,tx + Dp,)\,ty) > M(t A)(f( )79(@/))

for all z,y € R™ such that f(z)g(y) > 0 and all A € (0,1).
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1equalit Borell-Bra

Normallzed L, BBL lnequahty

Normalized L, BBL inequality

Let p > 1, %—i— % =1,t€(0,1), and o, 8 € [—00, 0] be such that a + 3 > 0.
Let f,g,h: R® — R be a triple of integrable functions satisfying the condition

h (Cp,)\,tx + Dp,)\,ty) > M(t A)(f( )79(@/))

for all z,y € R™ such that f(x)g(y) > 0 and all A € (0,1).Then

(R h(“:)dx) Mps(I1F115 9115
Jor f(@)dz [on g(x)dz - :
> My (Bfn, o) 28 > 1

- . 1 n f( )d 1 n ( )d H
SUPg<a<1 {mln {[Cp,/\,t]é %a [Dp,a? %}}v if % < _%7

where § = (o' + 87t +n)~!
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1equalit Borell-Bra

Normallzed L, BBL lnequahty

Normalized L, BBL inequality

Let p > 1, %—i— % =1,t€(0,1), and o, 8 € [—00, 0] be such that a + 3 > 0.
Let f,g,h: R® — R be a triple of integrable functions satisfying the condition

h (Cp,)\,tx + Dp,)\,ty) > M(t A)(f( )79(@/))

for all z,y € R™ such that f(x)g(y) > 0 and all A € (0,1).Then

(R h(“:)dx) Mps(I1F115 9115
Jor f(@)dz [on g(x)dz - :
> My (Bfn, o) 28 > 1

- . 1 n f( )d 1 n ( )d H
SUPg<a<1 {mln {[Cp,/\,t]é %a [Dp,a? %}}v if % < _%7

where § = (o' + 87t +n)~!

@ We also obtained the normalized version in low-dimensional cases with
R = H x HL.
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Multiple L, supremal-convolution

L, s supremal-convolution

We define L, 5 supremal-convolution of f,g: R} — R, as
(1 =) Xpa f+patXpag)(z,-,2n)

= Sup sup M}Sf(’x):,)+1 (f(xh axn)ag(yla"' 7yn))

0<ASL \ 2= M8 (wi,y5),1<i<n

,Q
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Multiple L, supremal-convolution

L, s supremal-convolution

We define L, 5 supremal-convolution of f,g: R} — R, as

(Q=1) xpa ftpat Xpag)(21, ", 2n)

= sup sup MED (f(@1, e, 2n), g1, Yn))
O0<ALT \ 2, =M ") (wi,94),1<i<n

Brunn-Minkowski type inequality

/ (1=t) Xp,a f Bpat Xpa g)(z)ds
]:R’Vl

L[5 (Jpyr F@)da, g, 0 0(a)dz) if any1 > B,
= . 1 1 5
Supo<>\<1 min {[Cp,)\,t] v f(R+)7L f([l?)dl‘7 [Dp,)\,t] Y f(R+)7L g(l’)dl‘} I 'f Qn+1 < 57

B —il
where p > 1, f = — (Z?:l 04;1) " and V= (2?211 afl) d
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L,-p-surface area of a p-integrable function

L,-p-surface area of a p-integrable function

Let i be a Borel measure on R™, p > 1, and & = (a1, -+ , aps1) € [0, 0071
We define the L,-pu-surface area of a p-integrable function f: R™ — R with
respect to a p-integrable function g by

S, (f.g) i limint &2 J Er.a (€ Xpa 9)dp = Jou fp
w,p,al\J s = '

e—0t £

If p is the Lebesgue measure on R™, we will simply denote it as S, 4.
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L,-p-surface area of a p-integrable function

L,-p-surface area of a p-integrable function

Let p be a Borel measure on R™, p > 1, and & = (ay,

-, 0pt1) € [0, 007t
We define the L,-pu-surface area of a p-integrable function f: R™ — R with
respect to a p-integrable function g by

S, (f.g) i limint &2 J Er.a (€ Xpa 9)dp = Jou fp
w,p,al\J s = '

e—0t £

If p is the Lebesgue measure on R"™, we will simply denote it as S,

* a;=1for1 <i<nanda, ;=2

r

(1) f ®p,a (e Xp,a g) recovers the L, s-supremal-convolution in
Roysdon-Xing, TRAMS, 2020;

(2) Sup.a(f,g) reduces to the L,-p-surface area of a p-integrable function f
with respect to a p-integrable function g via L, s-supremal-convolution.
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Minkowski’s first inequality

L,-Minkowski’s first inequality in terms of L, 5

supremal-convolution for functions

Let p € [1,00), @ = (a1, ,ant1) € [0,00" ", and F: R, — R be a
differentiable invertible function. Let u be a Borel measure on R™, and assume
that u is F'(t)-concave of non-negative bounded p-integrable functions and the
L, a—supremal convolution. Then

F (Jgn 9dp) = F (Jgn fepe)
F' ( fpo fdp)

Su,p,d(f» g) 2 S#,p,& (fv f) +

* fRn fdp = f]Rn gdp: lsoperimetric inequality,
S,u,p,(?(f7 q) 2 S/L,p,&(.f, f)
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Concluding remarks

<> We also obtained the normalized version of the L, 5 curvilinear
Brunn-Minkowski inequality for sets and L, 5 Borell-Brascamp-Lieb
inequality for measures for p > 1.
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Concluding remarks

<> We also obtained the normalized version of the L, 5 curvilinear

Brunn-Minkowski inequality for sets and L, 5 Borell-Brascamp-Lieb
inequality for measures for p > 1.

<> The case for 0 < p < 1 is still open!
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Concluding remarks

<> We also obtained the normalized version of the L, 5 curvilinear

Brunn-Minkowski inequality for sets and L, 5 Borell-Brascamp-Lieb
inequality for measures for p > 1.

<> The case for 0 < p < 1 is still open!

4 Conjecture: Local version of L, & curvilinear Brunn-Minkowski inequality for

sets and L, 5 Borell-Brascamp-Lieb inequality for functions similar to Local
L, Brunn-Minkowski inequality for convex bodies.
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Concluding remarks

<> We also obtained the normalized version of the L, 5 curvilinear
Brunn-Minkowski inequality for sets and L, 5 Borell-Brascamp-Lieb
inequality for measures for p > 1.

<> The case for 0 < p < 1 is still open!

4 Conjecture: Local version of L, & curvilinear Brunn-Minkowski inequality for
sets and L, 5 Borell-Brascamp-Lieb inequality for functions similar to Local
L, Brunn-Minkowski inequality for convex bodies.

4 Trial: Ly & curvilinear Brunn-Minkowski inequality for unconditional or
symmetric sets.
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Thank You !
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