Comprehensive Exam, Fall 2004 (Analysis)

Problem 1: Prove or give a counterexample to the following statement: Every function
f:[0,400) — R for which the improper Riemann integral

/000 f(z)dz

is convergent is Lebesgue integrable on [0, +00).

Solution:
The statement is not true. Consider a function

sinx

flz) = for x>0
x
and f(0) = 1. It is easy to show that the improper Riemann integral of f is convergent.
However the Lebesgue integrals
f*, and I~
[0-00) [0-00)

are equal to +00 so not only is f not integrable but the Lebesgue integral

f

[0-00)

is not even well defined.

Problem 2: Let (Q, F, i) be a finite measure space. Let f,, : Q@ > Rn>1,andg: Q2 — R
be functions in L'(p) such that there exists a constant C' > 0 such that,

/ |ful dp < C
Q
for all n > 1. Suppose moreover that
L,
Sf2<g onq
n

Show that ]
/—fﬁ dip— 0 asmn— oo.
QN

Solution: Denote
Au={o: [fule) = ).



Then | ) | .
/ — frdp = / — frdp + / — frdp < / gdp + —ns p(Q).
Qn Ap T oA, T An n

C
pA) < — =0 asn— oo
ns3

But

and therefore, since g € L'(p),

/ gdpy — 0 asn — o0
An

which completes the proof. (The proof of the last convergence can be found in any standard
textbook.)

Problem 3: Define
B =C([0,1]) ={f:[0,1] = R : fis continuous}, | f|lz = max |f(x)

0<z<1
x‘ p—
€= C(0.1) = {f: 01 = B: £ € B and |l = 11+ sup L= < oc),
a#y
for some a € (0, 1]. It is well known that equipped with the norms || - ||, and || - ||, the spaces

B, and C respectively are Banach spaces (normed vector spaces complete with respect to the
norm metric). Determine if the unit ball is compact in the spaces B and C'. Is the unit ball of
C compact as a subset of B?

Solution: Recall that a metric space a set X is compact if and only if every sequence in X has
a subsequence converging to an element of X.

The unit ball in B is not compact. For instance consider for n > 1 a sequence of continuous
functions f,, such that f,(z) =0if z ¢ (1/(n +1),1/n), f(1/2(1/(n+ 1)+ 1/n)) = 1, and
0 < fulz) < 1forz e (1/(n+1),1/n). Then ||ful]la = 1 but ||fn — filla = 1 if n # m.
Therefore the sequence does not have a convergent subsequence.

The unit ball in C' is also not compact. Consider the sequence of functions

1
5 for 0 <z < 55,

fa@) =14 5o — % for gim << 50 (1)

2 onFT = 2n>

0 otherwise.

It is easy to see that ||fullc = 3= + & but if n # m then ||f, — fillc > 552 + 1/2 so the
sequence does not have a convergent subsequence.

However the unit ball in C' is compact in B. To see this let f, be functions such that
|| fullc < 1. Then the functions f, are equibounded and equicontinuous and so by the Arzela-
Ascoli Theorem there is a subsequence f,, that converges uniformly on [0,1] to a continuous
function f. Obviously

I fllz = klim | |l -
—00



It remains to show that || f||c < 1. Let now = # y. Then

[z —yle ke |z -yl
. | fow(@) = fu. W] _ .
< lim sup % . < Hm (1 —||fu,llB) = 1= [l 5
k—oo Ay ‘iL‘ — y‘o‘ k—oo k

Therefore || f|lc < 1.

Problem 4: Let f:[a,b] x R* — R be a function such that
(i) for each t € [a, b], the function © — f(t, ) is continuous,
(ii) for each x € R", the function t — f(t, ) is Lebesgue measurable.

Show that f is £ ® B measurable, where L is the class of Lebesgue measurable sets on [a, b], B
is the Borel g-algebra on R", and £ ® B is the product o-algebra of £ and B.

Solution: Let 71, ...,7,,... be a dense subset of R™ (for instance a sequence of all points with
rational coordinates). For each integer m > 1 define a function f, : [a,b] x R — R by

1 1
fm(t,x) = f(t,rg) if jJx—rg] < — but |z —r;) > — for 1 <i<k.
m m

Then, by (i), for every (t,z) € [a,b] x R™ f,.(t,xz) — f(t,z) as m — oo. Since the limit
of measurable functions is measurable it is enough to show that the functions f,, are L ® B
measurable. To this end choose an open set U C R". Then

o0

1 1
I (U) U {(t,x)E[a,b]xR f(t,ry) € U, |z Tk]<m, |z r]_m or1 <i< }

m=1

> 1 1
= U ({te[a,b]:f(t,rk)GU}x {xER”:\x—rk|<E, ]x—ri|zafor1§i<k.})

m=1

= [OJ ((set in L) x (set in B)) € L ® B.

m=1

Problem 5: Fix a prime number p. A rational number x can be represented by x = p
with k, [ not divisible by p, and a € Z is defined uniquely. Define |- |, : Q — R by

ak
l

—

|z|, :=p~®, and 0], := 0.

(a) Show that |z + y|, < max{|z|,, |y|,} and conclude that d(z,y) := |z — y|, defines a metric
on Q.



(b) Show that in the completion of Q w.r.t. the above metric a series of rational numbers

e

n>0

converges if and only if |a,|, — 0.

Solution: (a) write x = p*'ky/l; and y = p*2ko/ls (k1, ko, 1,15 not divisible by p). We may
assume «q > ay. Then

[z +ylp = [p*2 (™2 laky + 1ik2) /(L) |, = [p™*], = P~

since p does not divide the terms in parenthesis above. Note that max{|z|,, |y|,} < |z], + |ylp-
Hence d(x,2) = |t —y+y — 2|, < |z —y|, + |y — z|p, proving the triangle inequality. Obviously
d is symmetric and d(z,y) =0 iff z = y.

(b) Consider the partial sums Sy = ij:l a,. Suppose Sy converges. Then Sy is a Cauchy

sequence, hence for € > 0 there is N, such that

lanly =[Sy — Sn-alp <€

for N > N.. So |an|, — 0 w.r.t. the metric d. Suppose now a,, — 0, i.e. |a,|, — 0. Then for
M,N €N
|Snmr = Sulp < max{|ansalp, s lansarlpy — 0

Hence Sy is a Cauchy sequences which converges in the completion of Q w.r.t. the metric d.

Problem 6: Let (X,d) be a compact metric space and denote by Bgr(a) C X the closed
ball of radius R > 0 centered at a € X. Suppose pu is a positive Borel measure on X satisfying
for some 5 > 0 and for all r € (0,1) and a € X

C1 r’ < u(B,(a) < Tﬂ?

with ¢; > 0 independent of  and a. Fix a point a € X. Find all @ € R for which x + d(x,a)*
is in LY X, dp).

Solution: Only the case a < 0 is interesting. Since d(z,a)® is bounded and continuous away
from a it suffices to check whether

/ d(z,a)* dp(r) < oo.
Bi(a)

Let {Rx} be a strictly monotone decreasing sequence of positive reals and denote by By the
balls Bg, (a). We will choose Ry, such that By \ Byi1 has essentially the same measure as By.
To achieve this we compute

1(By \ Biy1) = (By) — p(Bit1) > a1R) — Ry,



Hence, if we choose Ry.1 = Rpy,0 <~y < 1, the last term is Rf(cl — ~”) which by appropriate
choice of v equals Rfcl/Q. We set R, =%,k =0,1,.... and write

d(x,a)® du(xr) = d(x,a)® du(x
/BM( ) dp(z) Z/B\ (2, )" du(x)

On each "shell” By, \ Bj41 we may bound the integrand above by R}, ; and from below by R}.
Since the shells have pu-measure at most Rf we find that

[ o) dute) < 30000 4
Bl(a) k)
The latter geometric series converges if a > —f3. Since we also have
[ ) dute) 2o o 2
Bi\B+1

the condition o > —/3 is also necessary.

Problem 7: Let H be a Hilbert space. Show that if T : H — H is symmetric, i.e.
(x,Ty) = (Tx,y) for all z,y € H, then T is linear and continuous.

Solution: First we show that 7" is linear. Let x1, x5 € H then for all y € H we have (T'(zy +
T2),y) = (214 22, Ty) = (21, Ty) + (22, Ty) = (T'x1,y) + (T'x2,y) = (Tx1 + Txy,y). Hence
T(xy + x9) = Txy + Txy. Similarly one shows that 7' is homogeneous. To see that T is
continuous we first note that by the closed graph theorem it suffices to show that the graph(T")
is closed. Let (x,,Tz,) € graph(T) be a sequence in H x H converging to (z,y) € H x H. We
claim: T'x = y. To see this consider

| Tz —y||* = {y — Tx,y — Tx) = li7ILn<Txn —Tz,y—Tz) = li7ILn<:rn —2,T(y—Tx)) =0

Hence Tz = y.



