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ABSTRACT
This paper surveys recent results on frame sequences. The first group of results characterizes the relationships
that hold among various types of dual frame sequences. The second group of results characterizes the relationships
that hold among the major Paley–Wiener perturbation theorems for frame sequences, and some of the properties
that remain invariant under such perturbations.
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1. INTRODUCTION
A countable sequence F = {fi }i∈I of elements of a Hilbert space H is a frame for H if there exist constants A,
B > 0 such that
X
∀ f ∈ H, A kf k2 ≤
|hf, fi i|2 ≤ B kf k2 .
(1)
i∈I

The numbers A, B are called lower and upper frame bounds, respectively. Frames were first introduced by Duffin
and Schaeffer20 in the context of nonharmonic Fourier series, and today frames play important roles in many
applications in mathematics, science, and engineering. We refer to the texts of Daubechies,19 Christensen,13 or
the research-tutorial of Heil–Walnut24 for basic properties of frames.
Each frame F provides basis-like representations of the elements of H. Specifically, there exist vectors fei ∈ H
such that
X
X
∀ f ∈ H, f =
hf, fi i fei =
hf, fei i fi ,
(2)
i∈I

i∈I

with unconditional convergence of these series. In general, however, a frame need not be a basis, and the
representations in (2) need not be unique. Frames which are not bases are overcomplete, i.e., there exist proper
subsets of the frame which are complete.20 The excess 3 of the frame is the greatest integer n such that n elements
can be deleted from the frame and still leave a complete set, or ∞ if there is no upper bound to the number of
elements that can be removed. In the former case, it can be shown that the frame is simply a Riesz basis to
which finitely many elements have been adjoined.27 Such frames are called “near Riesz bases” and behave in
many respects like Riesz bases. A frame with infinite excess need not contain a Riesz basis as a subset.11
In this paper we are primarily interested in frame sequences, which are frames for their closed spans within
a Hilbert space. For example, frames for shift-invariant subspaces are of this type, and play key roles in many
applications. We will survey two categories of results that have recently been obtained by the authors.
The first group of results, due to Heil, Koo, and Lim,25 characterizes the various kinds of dual sequences that
a frame sequence can possess. Christensen and Eldar14 and Hemmat and Gabardo26 each defined and studied
several types of duals (see also Gabardo and Han21 ). We have characterized the exact relationships that hold
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among these duals, and have obtained results on the uniqueness of dual sequences. Proofs of these results have
recently appeared.25
The second group of results, due to Bishop, Heil, Koo, and Lim,8 determines the exact relationships that
hold among the major Paley–Wiener perturbation theorems for frame sequences, and addresses the invariance
properties of frame sequences under such perturbations. Major properties of a frame sequence such as excess,
deficit, and rank are shown to remain invariant under Paley–Wiener perturbations, but need not be preserved
by compact perturbations. For localized frames, which are frames with additional structure, we have shown that
the frame measure function is additionally preserved by Paley–Wiener perturbations. The statements of some
of these results are announced here, with full details and proofs in a separate research article.8

2. PRELIMINARIES
N will denote the set of natural numbers, while I will denote a generic countable index set. |E| denotes the
cardinality of a set E. H will always
R denote a separable, infinite-dimensional Hilbert space. We use a Fourier
transform normalized as fb(ξ) := f (t) e−2πiξ·t dt for f ∈ L1 (Rd ). This extends in the usual way to a unitary
operator on L2 (Rd ).
The finite linear span of a sequence of elements F = {fi }i∈I of H will be denoted by span(F ). The closure
in H of this set will be denoted by span(F ). We say that F is complete if span(F ) = H, or, equivalently, if the
only vector f satisfying hf, fi i = 0 for all i is f = 0.
A sequence F = {fi }i∈I in H is a Bessel sequence if there exists a constant B > 0 such that
X
∀ f ∈ H,
|hf, fi i|2 ≤ Bkf k2 .

(3)

i∈I


In this case the associated analysis operator TF∗ : H → ℓ2 (I) is defined by TF∗ (f ) = hf, fi i i∈I , and the synthesis
P
operator or pre-frame operator TF : ℓ2 (I) → H is TF (c) =
ci fi . This series converges unconditionally in the
2
norm of H for any c = (ci )i∈I ∈ ℓ (I). These are everywhere-defined, bounded operators, each adjoint to the
other. The elements of a Bessel sequence are uniformly bounded above in norm, with kfi k2 ≤ B for each i ∈ I.

Comparing equations (1) and (3), we see that every frame is a Bessel sequence. However, a P
frame possesses
additional useful properties. The frame operator SF = TF TF∗ : H → H, given by SF f =
hf, fi i fi , is a
positive, continuous, invertible mapping of H onto itself, and satisfies the operator inequalities AI ≤ SF ≤ BI.
The canonical dual frame is Fe = {fei }i∈I where fei = SF−1 fi . If F has frame bounds A, B, then the canonical dual
frame is a frame with frame bounds B −1 , A−1 . Furthermore, the frame expansions in (2) hold.
We say that a frame F is tight if it is possible to take A = B in (1). It is Parseval if we can take A = B = 1.
The frame operator for a tight frame is SF = AI. In particular, if F is a Parseval frame, then Fe = F.
A Riesz sequence is a sequence F = {fi }i∈I for which there exist A, B > 0 such that
∀ c ∈ ℓ2 (I),

A

X
i∈I

|ci |2 ≤

X
i∈I

2

ci f i

≤B

X
i∈I

|ci |2 .

A Riesz sequence is a frame for its closed span in H. A complete Riesz sequence is called a Riesz basis for H. If
F is a frame, then the frame expansion given in (2) is unique for each f ∈ H if and only if F is a Riesz basis.
The excess of a sequence F = {fi }i∈I in H is

excess(F ) = sup |G| : G ⊆ F and span(F \ G) = span(F ) .

The deficit of F is


deficit(F ) = inf |G| : G ⊆ H, span(F ∪ G) = H .

3. DUALS OF FRAME SEQUENCES
We will mostly be interested in frame sequences, which are frames for their closed span within H. Considering
a frame sequence F = {fi }i∈I as a frame for span(F), it has a canonical dual frame Fe = {fei }i∈I that is a
frame for span(F ). We call this the canonical dual frame sequence for F. We can realize this sequence in terms
of the pseudoinverse of the frame operator SF = TF TF∗ . This is a positive operator that is a bounded bijection
of span(F ) onto itself. Letting † denotes the pseudoinverse of a bounded operator with closed range, we have
Fe = SF† (F ). Restricted to the domain HF , which SF maps invertibly into itself, we have SF† = SF−1 . The canonical
dual is itself a frame sequence, and HFe = span(Fe) = span(F ) = HF . Further, we have the reproducing properties
TF TFe∗ |HF = TFe TF∗ |HF = I|HF ,
where I is the identity operator on H. Equation (4) is equivalent to
X
X
f =
hf, fei i fi =
hf, fi i fei ,
i∈I

i∈I

f ∈ HF ,

(4)

(5)

and furthermore these series converge unconditionally.
The canonical dual frame sequence is usually not the only “dual sequence.” Any sequence G = {gi }i∈I in H
that has the property that
X
f = TF TG∗ f =
hf, gi i fi ,
f ∈ HF ,
i∈I

is called a dual sequence to F. Out of all the possible dual sequences, some have special properties. In particular,
Type I and Type II duals were introduced by Hemmat and Gabardo,26 while Christensen and Eldar14 introduced
oblique duals. These are defined precisely as follows.
Definition 3.1. Let F = {fi }i∈I be a frame sequence and G = {gi }i∈I a Bessel sequence in H.
(a) G is a generalized or alternate dual of F, or simply a dual for short, if
TF TG∗ |HF = I|HF .

(6)

(b) G is a Type I dual of F if G is a dual and range(TG ) ⊆ range(TF ).
(c) G is a Type II dual of F if G is a dual and range(TG∗ ) ⊆ range(TF∗ ).
(d) G is an oblique dual of F if G is a frame sequence that is dual to F, and also F is dual to G.
Note that while F and G play symmetric roles in the definition of oblique dual, the definition of Type I and
Type II duals does not seem to be symmetric in F and G. The next theorem demonstrates that the Type I and
Type II definitions are indeed symmetric, and in fact are special cases of oblique duals. We write ⊕ to denote an
orthogonal direct sum of closed subspaces, and ∔ to denote a direct sum of closed subspaces whose intersection
is zero. Part (a) of this theorem was known previously.13 Part (b) was first proved by the authors.25
Theorem 3.2. Let F be a frame sequence and G a Bessel sequence in H.
(a) If G is a Type I dual of F, then G is a frame sequence and F is a Type I dual of G. In this case, F and G
are oblique duals, HG = range(TG ) = range(TF ) = HF , and H = range(TF ) ⊕ range(TG )⊥ .
(b) If G is a Type II dual of F, then G is a frame sequence and F is a Type II dual of G. In this case, F and
G are oblique duals, range(TG∗ ) = range(TF∗ ), and H = range(TF ) ∔ range(TG )⊥ .

Thus Theorem 3.2 clarifies the interest of these types of duals. An oblique dual G is one where F and G
play completely complementary roles, with each being a frame sequence that is dual to the other. Type I and
Type II duals are oblique duals with further restrictions. In particular, if it is important that F and G have the
same closed spans, then we should look for a Type I dual. On the other hand, the flexibility offered by frame
expansions can often be better utilized by looking for a dual that is not within HF . This is important in many
applications.16, 29 A Type II dual will instead require that ker(TF ) and ker(TG ) be equal, rather than the ranges
of TF and TG . The canonical dual is simultaneously a Type I and a Type II dual.
The relations that hold between the various types of duals are explained in the next result.25
Theorem 3.3. There are examples of a frame sequence F with dual G such that:
(a) G is not a frame sequence;
(b) G is a frame sequence but not a Type I dual;
(c) G is a frame sequence but not a Type II dual;
(d) G is a Type I dual but not a Type II dual of F ;
(e) G is a Type II dual but not a Type I dual of F ;
(f) G is an oblique dual but not a Type I dual of F ;
(g) G is an oblique dual but not a Type II dual of F.
The following theorem characterizes the existence of oblique or Type II duals in terms of direct sum decompositions of H.25
Theorem 3.4. Let U, V be closed subspaces of H, and let F be a frame for U. Then the following statements
are equivalent.
(a) H = U ∔ V ⊥ .
(b) There is a frame G for V that is a Type II dual of F.
(c) There is a frame G for V that is an oblique dual of F.
In case these hold, P F is a frame for V and we can take G to be the canonical dual frame of P F in V, where
P = PV |U : U → V is the restriction of the orthogonal projection PV onto V to the domain U.

4. INVARIANCES OF FRAME SEQUENCES
Now we turn to recent results on perturbation of frame sequences. These will be phrased in terms of the inf-angle
R(U, V ) between closed subspaces U , V of H. When U is nontrivial, this is defined31 by
R(U, V ) =

inf

u∈U\{0}

kPV uk
,
kuk

For U = {0} we define R({0}, V ) = 1.

The following theorem relates the inf-angle to projections. The equivalence of parts (a), (e), and (f) is stated
by Tang.30 The equivalence of these parts with (b), (c), and (d) is proved by the authors.8 We write U ∼
=V
to mean that U is isomorphic to V , which is the case if and only if U and V have the same dimension. In
the statement of this theorem the symbols PU |V denote the restriction of the orthogonal projection PU to the
domain V.
Theorem 4.1. Let U , V be closed subspaces of H with at least one nontrivial. Then the following statements
are equivalent.

(a) 0 < R(U, V ) and 0 < R(V, U ).
(b) 0 < R(U, V ) = R(V, U ).
(c) PV |U : U → V is invertible.
(d) PU |V : V → U is invertible.
(e) H = U ∔ V ⊥ .
(f) H = V ∔ U ⊥ .
Moreover, in case these hold, we have U ∼
= U ⊥ , and
=V, V⊥ ∼
0 < R(U, V ) = R(V, U ) = k(PV |U )−1 k−1 = k(PU |V )−1 k−1 .
The following result summarizes the main Paley–Wiener-type perturbation theorems known to hold for frame
sequences. These are due to Christensen and his co-authors.12, 15, 17
Theorem 4.2. Let F = {fi }i∈I ⊆ H be a frame sequence in H, with synthesis operator TF and frame bounds
AF , BF . Let G = {gi }i∈I ⊆ H be another sequence with synthesis operator TG , and let µ ≥ 0 be fixed. Define
HF = span(F ) = range(TF ) and HG = span(G). If
kTF c − TG ck ≤ µ kck

for all finitely supported c ∈ ℓ2 (I),

(7)

then G is a Bessel sequence. Moreover, if any one of the following conditions on the inf-angle between subspaces
holds, then G is a frame sequence:
(i) µ <


√
AF R ker(TF ), ker(TG ) ,

(ii) µ <

√
AF R(HG , HF ),

(iii) µ <

√
AF and R(HG , HF ) > 0.

In fact, there are more complicated theorems involving not only µ but also two more non-negative constants.10, 12, 17, 28 However, the remaining parameters are rarely (if ever) used in applications of the perturbation
theorems to wavelet, Gabor, shift-invariant, or exponential frames.1, 18 Therefore, we focus on the above “practical” versions of the perturbation theorems.
The next theorem characterizes the exact implications that hold among the hypothesis (i), (ii), and (iii) in
the Paley–Wiener-type perturbation theorems.8 Moreover, these types of perturbations preserve many of the
fundamental properties of frames, including rank, excess, and deficit. Thus, Paley–Wiener-type perturbations
preserve the “size” of a frame sequence in many ways.
Theorem 4.3. Let a frame sequence F and a sequence G be given as in Theorem 4.2, and suppose that
equation (7) is satisfied. Then the following statements hold.
• (i) implies (iii), but not vice versa.
• (ii) implies (iii), but not vice versa.
• (i) and (ii) are independent.

Moreover, if any one of (i), (ii), or (iii) is satisfied, then G is a frame sequence, and the following statements
hold.
• HF is isomorphic to HG .
⊥
• HF⊥ is isomorphic to HG
.

• ker(TF ) is isomorphic to ker(TG ).
• rank(F ) = rank(G).
• excess(F ) = excess(G).
• deficit(F ) = deficit(G).
Some of the implications in Theorem 4.3 were known previously. The important new points are the implication
(i) implies (iii) and the invariance conclusions that follow when the weakest condition (iii) holds. The fact that
⊥
HF is isomorphic to HG and HF⊥ is isomorphic to HG
if (ii) is satisfied is proved by Christensen, Lennard,
and Lewis,17 and the fact that HF is isomorphic to HG if (iii) is satisfied is proved by Christensen, Kim, Kim,
and Lim.15 The implication (ii) implies (iii) is trivial because of the fact that R(HG , HF ) ≤ 1. The paper by
Koo and Lim28 also contains some of the implications of Theorem 4.3 for the restricted setting of shift-invariant
frame systems. Additionally, the counterexamples constructed there establish the “not vice versa” statements in
Theorem 4.3 as well as the independence of (i) and (ii).
Excess, deficit, and rank are measures of the overcompleteness or undercompleteness of a frame sequence, but
only in a relatively crude sense. For arbitrary frames, it is extremely difficult to quantify the exact meaning of
redundancy. However, many practical frames have a structure which allow more precise statements to be made.
For example, a Gabor frame sequence is a frame sequence of the form
G(g, Λ) = {e2πiβx g(x − α)}(α,β)∈Λ
where g ∈ L2 (R) and Λ ⊆ R2 are fixed. A longstanding folklore for Gabor frames is that the density of the
index set Λ equals the redundancy of the frame G(g, Λ). Density of the indexed set is defined in terms of Beurling
density, which is in a sense the average number of points of Λ that lie in a unit cube (e.g., for the lattice
Λ = αZ × βZ the Beurling density is 1/(αβ)). For a survey of the long history of results connected to Beurling
density and the Nyquist Theorem for Gabor frames, including precise definitions and an extensive bibliography,
we refer to the paper by Heil.23
Recently, the introduction of the concept of localized frames has allowed this folklore to be given a quantitative
interpretation. Localized frames were introduced independently by Gröchenig22 and by Balan, Casazza, Heil,
and Landau,4 for quite different purposes. Applied to Gabor frames,4, 5 these results imply, for example, that
any localized frame (including Gabor frames) must have lower density of at least 1, and if such a frame is a union
of N Riesz bases then the upper and lower densities of Λ are exactly N. A deep new result by Balan, Casazza,
and Landau6 is that if the density of a localized frame is d > 1 then there exists a subset of the frame with
density 1 + ε that is still a frame for the space. These results and others show that the density d of a localized
frame, which is determined solely by the index set alone, quantifies the redundancy of the frame.
Closely related to density and redundancy issues is the question of when frame sequences are equivalent. A
naive notion of equivalence for frame sequences is that F = {fi }i∈I and G = {gi }i∈I are equivalent2 if there
exists a bounded bijection U : H → H such that U (fi ) = gi for each i. This is the correct notion of equivalence
for bases, but because of the redundancies inherent in frames, this notion of equivalent frames is too strong. For
example, frames that are identical except for the ordering of their index set need not be equivalent under this
definition, even though the definition and most properties of frames are independent of ordering. A new notion
of frame equivalence based on the idea of a frame measure function was introduced by Balan and Landau.7 Two
frames are equivalent in this definition if their frame measure functions coincide. This notion of equivalence is

independent of the ordering of the index set, under multiplication of frame elements by scalars of unit modulus,
and other seemingly trivial modifications that were not invariant under the earlier notion of frame equivalence.
The next theorem concerns the behavior of the frame measure function under Paley–Wiener-type perturbations. In this theorem, PF denotes the orthogonal projection of H onto HF , and PF |G denotes the restriction
of PF to HG . For the precise definition of localization and the frame measure function, we refer to the abovementioned articles.7, 8
Theorem 4.4. Let F = {fn }n∈Z be a frame sequence in H with frame bounds AF , BF , and let G = {gn }n∈Z
be a sequence in H. Suppose that equation (7) and hypothesis (iii) from Theorem 4.2 are satisfied, so G is a
frame sequence. Let {e
gn }n∈Z be the canonical dual frame sequence for G within HG . Then, in addition to the
conclusions of Theorem 4.3, the following statements hold.
(a) PF G = {PF gn }n∈Z is a frame for HF , and its canonical dual frame sequence is {(PG |F )−1 e
gn }n∈Z .
(b) If (F, G) is ℓp -localized, then (F, PF G) is ℓp -localized.
(c) If (F, PF G) is ℓ2 -localized then F, PF G, and G all have the same frame measure function and hence are
equivalent in the sense of.7
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