MODULATION SPACES AS SYMBOL CLASSES FOR
PSEUDODIFFERENTIAL OPERATORS
KARLHEINZ GRÖCHENIG AND CHRISTOPHER HEIL
Abstract. We investigate the Weyl calculus of pseudodifferential operators
with the methods of time-frequency analysis. As symbol classes we use the
modulation spaces, which are the function spaces associated to the short-time
Fourier transform and the Wigner distribution. We investigate the boundedness
and Schatten-class properties of pseudodifferential operators, and furthermore
we study their mapping properties between modulation spaces.

1. Introduction
In the language of physics, the Weyl transform is a method of quantization, but
it also has a wide range of applications in mathematics and engineering. The goal
is to associate to each function or distribution σ defined on the phase-space R2d a
corresponding operator Lσ , which is the so-called quantization. The mapping from
the symbol σ to its quantization Lσ should satisfy the requirements of the laws
of quantum mechanics. We will focus in this article on the quantization proposed
by Weyl. However, quantizations cannot be unique, and other quantizations play
important roles in other areas. For example, the Kohn–Nirenberg quantization
is especially important in partial differential equations. One useful feature of the
techniques that we will describe in this article is that most results can be easily
transferred among different quantizations.
The Weyl transform is usually analyzed using methods from hard analysis, and
there is a rich literature on this subject, which we will not attempt to survey. Since
the main ingredients in the Weyl transform are also the fundamental objects in the
area of mathematics known as time-frequency analysis, we have pursued a complimentary study of the Weyl transform using time-frequency techniques in [HRT97],
[GH99], [Grö01], [Heil03]. This has led to new results, including some which improve classical results of Hörmander, Daubechies, or Calderón–Vaillancourt. In
this article we will present some of these results, especially those related to boundedness of the Weyl transform, with some new developments from [GH02] indicated
at the end of the article. An exposition focusing on some results related to spectral
properties of the operator Lσ is available in [Heil03].
Date: December 12, 2002.
Key words and phrases. Modulation spaces, pseudodifferential operators, short-time Fourier
transform, symbol classes, Wigner distribution.
The first author was partially supported by the FWF project P-14485-MAT. The second
author was partially supported by NSF grants DMS-9970524 and DMS-0139261.
1

2
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2. Background and Discussion
The fundamental operations of time-frequency analysis are the translation operators
t, x ∈ Rd ,
Tx f (t) = f (t − x),
and the modulation operators
Mω f (t) = e2πiω·t f (t),

t, ω ∈ Rd .

The compositions Tx Mω f (t) = e2πiω·(t−x) f (t − x) or Mω Tx f (t) = e2πiω·t f (t − x) are
called time-frequency shifts.
The Weyl transform of a symbol σ on R2d is defined formally by
ZZ
Lσ f =
σ̂(ξ, u) eπiξ·u Mξ T−u f du dξ .
R2d

Thus, Lσ f is obtained as a superposition of time-frequency shifts of f , with σ̂(ξ, u)
controlling the weighting of the amount of each shift. It therefore seems natural
to study this operator using the tools associated with the mathematics of timefrequency shifts (see [How80] for one of the first approaches in this direction).
The problems arising from the theory of partial differential equations suggest
using the classical symbol classes defined by
N
Sδ,ρ
= {σ ∈ C ∞ (R2d ) : |Dxα Dωβ σ(x, ω)| ≤ Cαβ (1 + |ω|)N +δ|α|−ρ|β|

for all multi-indices α, β ≥ 0} . (1)
On the other hand, the definition of the Weyl transform as a superposition of
time-frequency shifts suggests instead that we measure symbols in terms of their
time-frequency concentrations, and investigate the question how a pseudodifferential operator affects the time-frequency concentration of a function. Technically,
this is done by investigating the class of function spaces known as the modulation
spaces. Modulation space norms are quantitative measures of the time-frequency
concentration of a function or distribution, and have proven useful in the study of
many aspects of time-frequency analysis. In this article we will study the mapping
properties of the Weyl transform between modulation spaces, and in particular
the boundedness and Schatten-class properties on L2 (Rd ). This question is not
entirely new, for instance, Tachizawa used the classical symbol classes and found
conditions under which the corresponding pseudodifferential operators map modulation spaces into each other [Tac94]. We employ the modulation spaces in two
contexts: first, the modulation spaces on R2d serve as symbol classes to which the
symbol σ belongs, and second, the modulation spaces on Rd are the spaces on
which the quantization operator Lσ acts.
We will summarize in this article some results on time-frequency methods and
pseudodifferential operators obtained by the authors in the past few years. Some
new developments are indicated at the end. We will mostly focus on results due
to the authors and do not attempt to provide an exhaustive survey of pseudodifferential operator theory. Recently we have become aware that some of the
results we will present are also accessible by means of hard analysis. In particular,
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similar conclusions might be derived by using the work of Sjöstrand [Sjö94] and
Toft [Toft02].
3. Time-Frequency Representations
We discuss a few standard time-frequency representations and and their main
properties. For a detailed discussion of time-frequency analysis see [Fol89], [Grö01].
In our presentation we follow mostly [Grö01], and most statements without proof
are taken from that reference.
R
The Fourier transform will be normalized as fˆ(ω) = Rd f (t) e−2πiω·t dt where x · t
is the standard inner product on Rd .
Definition 3.1. Fix a non-zero window g ∈ L2 (Rd ). Then the short-time Fourier
transform (STFT) of f with respect to g is defined to be
Z
Vg f (x, ω) =
f (t) g(t − x) e−2πit·ω dt ,
x, ω ∈ Rd ,
Rd

and the cross Wigner distribution of f and g ∈ L2 (Rd ) is
Z
W (f, g)(x, ω) =
f (x + 2t ) g(x − 2t ) e−2πiω·t dt ,
Rd

x, ω ∈ Rd .

(2)

The quadratic expression W f := W (f, f ) is called the Wigner distribution of f .
We will employ STFTs both on Rd and on R2d , making the appropriate changes
in the definition in the latter case.
The STFT can be written in a number of equivalent ways, for example:
Vg f (x, ω) = hf, Mω Tx gi = (f · Tx ḡ)ˆ(ω) .
Clearly, in this formulation, the STFT can be extended to many dual pairs. In particular, if g ∈ S(Rd ), then Vg f is defined for any tempered distribution f ∈ S 0 (Rd ).
In this way the STFT becomes an instrument to measure the time-frequency concentration of distributions.
We will need to use the following operators:
Z
Partial Fourier transform: F1 F (x, ω) =
F (t, ω) e−2πix·t dt ,
d
ZR
F (x, t) e−2πiω·t dt ,
Partial Fourier transform: F2 F (x, ω) =
Rd

Coordinate change:

Ta F (x, t) = F (t, t − x) ,

Coordinate change:

Ts F (x, t) = F (x + 2t , x − 2t ) ,

Reflection:

Ig(x) = g(−x) .

We will use the following notation for the tensor product of functions:
(f ⊗ g)(x, y) = f (x)g(y).
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The following lemma gives some relationships between and different representations of these time-frequency representations.
Lemma 3.2. Let f , g ∈ L2 (Rd ). Then the following statements hold.
(a) Relationship between the STFT and the Wigner distribution:
W (f, g)(x, ω) = 2d e4πix·ω VIg f (2x, 2ω) ,

(x, ω) ∈ R2d .

(b) Factorization of the STFT:
Vg f = F2 Ta (f ⊗ ḡ) .
(c) Factorization of the Wigner distribution:
W (f, g) = F2 Ts (f ⊗ ḡ) .
Proof. Statements (b) and (c) follow immediately from the definitions. To prove
part (a), we set u = x + 2t in (2) and obtain thereby
Z
W (f, g)(x, ω) =
f (x + 2t ) g(x − 2t ) e−2πiω·t dt
Rd
Z
d
f (u) g(−(u − 2x)) e−4πiω·(u−x) du
=2
Rd

= 2d e4πix·ω VIg f (2x, 2ω) .



These factorizations make the proof of the following fundamental properties of
the STFT almost trivial.
Lemma 3.3 (Orthogonality Relations).
(a) If f1 , f2 , g1 , g2 ∈ L2 (Rd ), then Vgj fj ∈ L2 (R2d ) for j = 1, 2, and we have
hVg1 f1 , Vg2 f2 iL2 (R2d ) = hf1 , f2 iL2 (Rd ) hg1 , g2 iL2 (Rd ) .
(b) In particular, if kgk2 = 1, then Vg is an isometry from L2 (Rd ) into L2 (R2d ),
and we have
hf, hiL2 (Rd ) = hVg f, Vg hiL2 (R2d ) .
Proof. Statement (b) is an immediate consequence of (a). To prove (a), we use the
fact that the operators F2 and Ta are unitary on L2 (R2d ) to calculate that
hVg1 f1 , Vg2 f2 iL2 (R2d ) = F2 Ta (f1 ⊗ g1 ), F2 Ta (f2 ⊗ g2 )
= f1 ⊗ g1 , f2 ⊗ g2

L2 (R2d )

L2 (R2d )

= hf1 , f2 iL2 (Rd ) hg1 , g2 iL2 (Rd ) .



In several places in this article we will prove a statement only for the case of test
functions in the Schwartz class S, and then appeal to routine density techniques to
extend the argument to the entire space. In this context the following (well-known)
observation is important, cf. [Fol89, Prop. 1.42].
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Lemma 3.4.
(a) If f , g ∈ S(Rd ), then Vg f ∈ S(R2d ) and W (f, g) ∈ S(R2d ).
(b) If f , g ∈ S 0 (Rd ), then Vg f ∈ S 0 (R2d ) and W (f, g) ∈ S 0 (R2d ).
Proof. Note that each of the operators F2 , Ta , and Ts are isomorphisms of S(R2d )
onto itself and of S 0 (R2d ) onto itself. Thus, if f and g ∈ S(R2d ), then f ⊗ḡ ∈ S(R2d )
and so Vg f = F2 Ta (f ⊗ ḡ) ∈ S(R2d ). The other statements follow similarly.

It follows that the orthogonality relations extend from L2 × L2 to other pairs
of dual spaces. In particular, we have the following statement, where we use the
convention that h·, ·i always extends the inner product on L2 and thus is conjugate
linear in the second coordinate.
Lemma 3.5. Assume that g ∈ S(Rd ) with kgk2 = 1. Then we have for all f ∈
S 0 (Rd ) and ϕ ∈ S(Rd ) that
hf, ϕi = hVg f, Vg ϕi .

(3)

Lemma 3.5 extends the isometry property of the STFT from L2 × L2 to S 0 × S.
Note that we have Vg ϕ ∈ S(R2d ) and Vg f ∈ S 0 (R2d ) by Lemma 3.4, so the second
duality in (3) is well-defined.
In many applications it is important to calculate the STFT of a Wigner distribution or of a STFT. For appropriately chosen windows this calculation leads to the
following “magic formula” that is immensely useful. We refer to [Grö01], [Jam98],
[Jan98], [CG02] for applications.
Lemma 3.6. Let ϕ ∈ S(Rd ) and set Φ = W ϕ = W (ϕ, ϕ) ∈ S(R2d ). Writing
z = (z1 , z2 ), ζ = (ζ1 , ζ2 ) ∈ R2d , we have

VΦ W (g, f ) (z, ζ) = e−2πiz2 ·ζ2 Vϕ f (z1 + ζ22 , z2 − ζ21 ) Vϕ g(z1 − ζ22 , z2 + ζ21 ) .
(4)
Proof. In the calculation below we distinguish between VΦ , which is the short-time
Fourier transform of functions on R2d , and Vϕ , which is the short-time Fourier
transform of functions on Rd . To prove (4), we will use the covariance properties
of the STFT and the Wigner distribution, namely
W (Tz1 Mz2 ϕ, Tz1 Mz2 ϕ)(x, ω) = W (ϕ, ϕ)(x − z1 , ω − z2 )
and
VTζ1 Mζ2 h (Tζ1 Mζ2 g)(x, ω) = e2πi(x·ζ2 −ω·ζ1 ) Vh g(x, ω) .
The first step is to write VΦ (W (g, f )) as an inner product of two STFTs on R2d
as follows, by using the definition of the STFT on R2d , the covariance properties
given above, and Lemma 3.2(a):

VΦ W (g, f ) (z, ζ)
ZZ
=
W (g, f )(x, ω) W (ϕ, ϕ)(x − z1 , ω − z2 ) e−2πi(x·ζ1 +ω·ζ2 ) dx dω
R2d

6

= 22d

R2d

ZZ
R2d

=
D

VIf g(2x, 2ω) VITz1 Mz2 ϕ (Tz1 Mz2 ϕ)(2x, 2ω) e−2πi(x·ζ1 +ω·ζ2 ) dx dω
ζ1

=
ZZ
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ZZ

R2d

VT ζ2 M
2

= VT ζ2 M
2

ζ2

VIf g(x, ω) e2πi(−x· 2 −ω· 2 ) · VITz1 Mz2 ϕ (Tz1 Mz2 ϕ)(x, ω) dx dω

ζ
− 21

ζ
− 21

If (T ζ2 M− ζ1 g)(x, ω)
2

2

· VITz1 Mz2 ϕ (Tz1 Mz2 ϕ)(x, ω) dx dω
E

If (T ζ2 M− ζ1 g),
2

2

VITz1 Mz2 ϕ (Tz1 Mz2 ϕ) .

After these easy (but ugly) reformulations, we can apply the orthogonality relations
(Lemma 3.3) to obtain
D
E D
E
VΦ (W (g, f ))(z, ζ) = T ζ2 M− ζ1 g, Tz1 Mz2 ϕ · T ζ2 M− ζ1 If, ITz1 Mz2 ϕ .
(5)
2

2

2

2

After commuting translations and modulations to the correct positions, the first
factor on the right side of (5) can be rewritten as
D
E

ζ2
g, M ζ1 Tz1 − ζ2 Mz2 ϕ = e2πiz2 ·(z1 − 2 ) Vϕ g z1 − ζ22 , z2 + ζ21 .
2

2

Since I(Tu Mη f ) = T−u M−η If and since I is unitary, the second factor on the right
side of (5) can be rewritten as
D
E D
E
IT− ζ2 M ζ1 f, ITz1 Mz2 ϕ = f, M− ζ1 Tz1 + ζ2 Mz2 ϕ
2

2

2

2

ζ
−2πiz2 ·(z1 + 22 )

=e

Vϕ f z1 +

ζ2
,
2

z2 −

ζ1
2



.


The formula for VΦ (W (g, f )) then follows.
4. Modulation Spaces

The modulation space norms provide a quantitative measure of time-frequency
concentration. We use the STFT to define them, but we could just as well use the
Wigner distribution or some other time-frequency representation. For simplicity, in
this article we will only consider weights with polynomial growth, i.e., we assume
that m is a non-negative function satisfying the condition
m(z1 + z2 ) ≤ C(1 + |z1 |2 )s/2 m(z2 ) ,

z1 , z2 ∈ R2d ,

for some constant C > 0.
Definition 4.1. Fix a nonzero window function g ∈ S(Rd ), and let 1 ≤ p, q ≤ ∞.
p,q
Then the modulation space Mm
(Rd ) is the subspace of the tempered distributions
0
d
consisting of all f ∈ S (R ) for which
kf kMmp,q = kVg f kLp,q
m
Z Z

q/p 1/q
|Vg f (x, ω)| m(x, ω) dx
dω
< ∞,
p

=
Rd

Rd

p

(6)
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with the usual adjustments if p or q is ∞. If m = 1 then we omit writing it.
Modulation spaces can also be defined for weights that grow faster than polynomially; for the necessary modifications see [Grö01, Ch. 11.4].
The modulation spaces were invented and extensively investigated by Hans Feichtinger over the period 1980–1995, with some of the main references being [Fei80],
[Fei81], [FG89a], [FG89b], [FG97]. However, the first official publication is due to
Triebel [Tri83]. While the original motivation was to investigate smoothness spaces
in analogy to the Besov spaces, the main purpose of modulation spaces is their applications to time-frequency analysis. The modulation spaces are the appropriate
function spaces for time-frequency analysis, and they occur in any mathematical
analysis of problems where the time-frequency shifts Mω Tx occur.
For a demonstration that the modulation spaces are well-defined see, for example,
[Grö01, Prop. 11.3.2]. In fact, if m is a weight function with polynomial growth,
p,q
then the definition of Mm
is independent of the choice of the window g ∈ S(Rd ),
p,q
and different windows g yield equivalent norms on Mm
.
For a detailed development of the theory of modulation spaces we refer to the
original literature mentioned above and to [Grö01, Ch. 11–13]. The modulation
spaces possess an elegant structure theory and possess atomic decompositions similar to the Besov spaces.
Among the classical function spaces the following spaces can be identified as
modulation spaces.
Proposition 4.2 (Identification of classical spaces as modulation spaces). We have
the following for s ∈ R.
(a) M 2,2 = L2 .
2,2
.
(b) If m(x, ω) = (1 + |x|)s , then L2s := {f ∈ S 0 (Rd ) : f m ∈ L2 (Rd )} = Mm
(c) If m(x, ω) = (1 + |ω|2)s/2 , then H s := {f ∈ S 0 (Rd ) : fˆm ∈ L2 (Rd )} = M 2,2 .
m

2

2 s/2

Mv2,2
s

(d) If vs (x, ω) = (1 + |x| + |ω| ) , then
=
coincides with the Shubin class Qs [Shu01].

L2s

∩ H . Furthermore, Mv2,2
s
s

(e) The space M 1,1 = {f ∈ L2 (Rd ) : Vg f ∈ L1 (R2d )} coincides with Feichtinger’s algebra S0 .
T
.
(f) The Schwartz class of test functions can be identified as S = s≥0 Mvp,p
s
S
(g) The space of tempered distribution is S 0 = s≤0 Mv∞,∞
.
s
Among the many properties of the modulation spaces, we note the following; see
also Section 6.2 below for inclusion and interpolation properties.
p,q
Theorem 4.3 (Duality). If 1 ≤ p, q < ∞, then the dual space of Mm
is iso0
0
p ,q
1
1
1
1
metrically isomorphic to M1/m , where p + p0 = 1 and q + q0 = 1. In short,
0

0

p ,q
p,q ∗
) = M1/m
.
(Mm
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5. Representations of Pseudodifferential Operators
5.1. The Weyl calculus. The Weyl transform associates an operator to each function or distribution on the time-frequency plane. The Weyl calculus is a particular
form for representing general pseudodifferential operators.
Definition 5.1. Given a symbol σ ∈ S 0 (R2d ), the pseudodifferential operator Lσ
is defined to be
ZZ
σ̂(ξ, u) e−πiξ·u T−u Mξ f du dξ .
(7)
Lσ f =
R2d

The operator Lσ is called the Weyl transform of the (Weyl) symbol σ, and σ̂ is
called the spreading function.
We first explain how the integral (7) should be understood. If σ̂ ∈ L1 (R2d ), then
Lσ is of course well-defined as an absolutely convergent integral in operator norm,
and we have
kLσ kop ≤ kσ̂k1 ,
where the operator norm is measured on L2 (Rd ). However, Lσ is well-defined even
for arbitrary symbols in S 0 (R2d ) if we interpret the integral in (7) in a weak sense.
That is, for f , g ∈ S(Rd ), we interpret (7) as meaning that
ZZ
σ̂(ξ, u) e−πiξ·u hT−u Mξ f, gi du dξ ,
f, g ∈ S(Rd ) .
(8)
hLσ f, gi =
R2d

Hence with f ∈ S(Rd ) we have Lσ f defined as a functional on S(Rd ). In fact, this
functional is continuous on S(Rd ), and so Lσ f is a tempered distribution. The
following lemma makes this statement precise.
Lemma 5.2. Let σ ∈ S 0 (R2d ). If f ∈ S(Rd ), then (8) defines a tempered distribution Lσ f ∈ S 0 (Rd ). Further, Lσ is a continuous mapping of S(Rd ) into S 0 (Rd ).
Proof. Since σ is a tempered distribution on R2d , its Fourier transform σ̂ is also
a tempered distribution on R2d . If we define Af,g (ξ, u) = e−πiξ·u hT−u Mξ f, gi =
e−πiξ·u Vg f (u, −ξ) (this is the cross ambiguity function of f and g), then the weak
interpretation of the integral in (8) is simply the statement that
hLσ f, gi = σ̂, Af,g

.

(9)

Now, since f , g ∈ S(Rd ), we have by Lemma 3.4 that Af,g ∈ S(R2d ), so (9) is
well-defined and in fact defines Lσ f as a tempered distribution on Rd . Thus we
have that f 7→ Lσ maps S(Rd ) into S 0 (Rd ), and it can be shown that this mapping
is continuous.

Our next goal is to express Lσ as an integral operator with a distributional kernel,
and then to derive a formula for Lσ directly in terms of the symbol σ rather than
in terms of σ̂.
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To derive these formulas, assume first that all integrals in the following calculation converge absolutely. For example, this is the case when σ̂ ∈ L1 (R2d ) and
f ∈ S(Rd ). We compute that
ZZ
Lσ f (x) =
σ̂(ξ, u) e−πiu·ξ T−u Mξ f (x) du dξ
R2d

ZZ

σ̂(ξ, u) e2πiξ·(x+ 2 ) f (u + x) du dξ
u

=
R2d

Z Z
=
y=u+x

Z

Rd

=

2πiξ· x+y
2

Rd

σ̂(ξ, y − x) e


dξ f (y) dy

k(x, y) f (y) dy .
R2d

This expresses Lσ as an integral operator. The integral kernel
Z
x+y
k(x, y) =
σ̂(ξ, y − x) e2πiξ· 2 dξ
Rd

is an inverse partial Fourier transform in the first variable of σ̂, followed by a
coordinate transformation. Let us rewrite this in order to obtain a relationship
directly between k and σ. First, note that
F1−1 σ̂ = F1−1 F1 F2 σ = F2 σ.
Second, observe that the inverse of the symmetric coordinate transformation Ts =
F (x + 2t , x − 2t ) is Ts−1 F (x, y) = F ( x+y
, x − y). Hence,
2

,
y
−
x
k(x, y) = F1−1 σ̂ x+y
2

x+y
= F2 σ 2 , y − x

= F2−1 σ x+y
,x− y
2
= Ts−1 F2−1σ(x, y) .

(10)

Since Ts and F2 are isomorphisms on S 0 (R2d ), we can use equation (10) as a
definition that allows us to interpret arbitrary pseudodifferential operators Lσ with
distributional symbols σ ∈ S 0 (R2d ) as integral operators with distributional kernels.
The following proposition makes this statement precise, cf. [Fol89].
Proposition 5.3. Let σ ∈ S 0 (R2d ). Then the Weyl transform can be written as an
integral operator with the distributional kernel
k = Ts−1 F2−1 σ ∈ S 0 (R2d ) ,

(11)

in the sense that
hLσ f, gi = k, g ⊗ f¯

for f, g ∈ S(Rd ) .

Furthermore,
hLσ f, gi = hσ, W (g, f )i

for f, g ∈ S(Rd ) .

(12)
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Proof. Formula (11) is the distributional extension of (10) from the case σ̂ ∈
L1 (R2d ) to the case σ̂ ∈ S 0 (R2d ). Equation (12) follows from the calculation
hLσ f, gi = k, g ⊗ f¯ = Ts−1 F2−1σ, g ⊗ f¯ = σ, F2 Ts (g ⊗ f¯) = hσ, W (g, f )i ,
the last step following from Lemma 3.2.



Proposition 5.3 underlines the importance of the Wigner distribution in the analysis of pseudodifferential operators. In particular, formula (12) can be used to study
how the time-frequency concentration of a function is transformed by a pseudodifferential operator.
5.2. The Kohn–Nirenberg correspondence. The Kohn–Nirenberg correspondence assigns to a symbol σ ∈ S 0 (R2d ) the operator Kσ defined by
Z
ˆ e2πix·ω dω .
Kσ f (x) =
σ(x, ω) f(ω)
Rd

This is the classical version of pseudodifferential operators that is used in the
investigation of partial differential operators, cf. [Hör90]. As in the case of the
Weyl calculus, it can be shown that Kσ is a continuous mapping from S(Rd ) to
S 0 (Rd ). Furthermore, Kσ can be represented as a superposition of time-frequency
shifts as follows:
ZZ
Kσ f (x) =
σ̂(η, y − x) e2πiη·x f (y) dη dy
ZZ

R2d

σ̂(η, u) e2πiη·x f (x + u) du dη

=
ZZ

R2d

=
R2d


σ̂(η, u) Mη T−u f (x) du dη .

(13)

Comparing (13) with (7) reveals that Kσ and Lσ differ in their definitions only by
the “chirp” eπiu·ξ . More precisely, define the operator U acting on symbols by
(Uσ)ˆ(ξ, u) = eπiu·ξ σ̂(ξ, u) .
Then U is a unitary operator on L2 (R2d ) and is an isomorphism on S(R2d ) and on
S 0 (R2d ). The Kohn–Nirenberg and the Weyl correspondences are then related by
the formula
KU σ = Lσ .

(14)

This connection makes it easy to switch from the Kohn–Nirenberg calculus to the
Weyl calculus and vice versa. We will only treat the Weyl transform. Using (14), it
is not hard to show that the results of this paper also hold for the Kohn–Nirenberg
calculus (and in fact for a family of other pseudodifferential operators). See [GH99],
[Grö01], [Sjö94], [Toft01], [Toft02] for details.
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6. Pseudodifferential Operators on L2 (Rd )
For pseudodifferential operators with respect to the traditional symbol classes,
the mapping properties between modulation spaces were studied by Tachizawa
and Rochberg [Tac94], [RT97] (see also [CR02]). Modulation spaces figure implicitly in the work of Heil, Ramanathan, and Topiwala [HRT97], and implicitly
in Sjöstrand [Sjö94], Boulkhemair [Bou99], and Toft [Toft01]. Modulation spaces
enter explicitly in [GH99], where M ∞,1 in particular is used as a symbol class to
establish boundedness results of pseudodifferential operators on M p,p . Further developments in this spirit were obtained by Labate [Lab01a], [Lab01b], and recently
the boundedness of bilinear pseudodifferential operators on the modulation spaces
has been investigated by Bényi and Okoudjou [BO02].
To deal with boundedness of pseudodifferential operators, we will use the techniques developed in [Grö01, Ch. 14.5].
6.1. Endpoint results. We first establish some natural endpoint results.
In the following, Ip will denote for 1 ≤ p < ∞ the p-Schatten class, which is
the Banach space of all compact operators on L2 (Rd ) whose singular values lie in
`p [BS87], [DS88], [Sim79]. The singular values of a compact operator A : L2 (Rd ) →
L2 (Rd ) can be defined by spectral theory as the square-roots of the eigenvalues of
the positive, compact, self-adjoint operator A∗ A, i.e.,
q
j = 1, 2, 3, . . . .
sj (A) = λj (A∗ A),
Alternatively, since L2 (Rd ) is a Hilbert space, the singular values of A coincide with
its approximation numbers, which are defined in terms of best approximations of
A by finite-rank operators. Specifically,

sj (A) = inf kA − T kop : rank(T ) < j ,
j = 1, 2, 3, . . . .
For a compact, self-adjoint operator on L2 (Rd ), the singular values are simply the
absolute values of the eigenvalues. The Schatten class Ip is the Banach space of all
compact operators A for which the norm
1/p
X
∞
p
sj (A)
kAkIp = k{sj (A)}k`p =
j=1

is finite. The space I2 is called the space of Hilbert–Schmidt operators on L2 (Rd ),
and I1 is the space of trace-class operators. Although not a standard notation, for
convenience we will denote the Banach space of all bounded operators on L2 (Rd )
by I∞ , with norm kAkI∞ = kAkop .
We now establish several useful results for the cases p = 2, 1, and ∞, respectively.
Hilbert–Schmidt operators. The Hilbert–Schmidt operators can be exactly
characterized in terms of the modulation space M 2,2 = L2 .
Theorem 6.1 (Pool). The Weyl transform σ 7−→ Lσ is a unitary map L2 (R2d ) →
I2 .
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Proof. Recall that an operator A is a Hilbert–Schmidt operator
on L2 (Rd ) if and
R
only if A is an integral operator of the form Af (x) = Rd k(x, y) f (y) dy with
a kernel k ∈ L2 (R2d ). In this case, kAkI2 = kkkL2 (R2d ) . By Theorem 5.3, A
can be written as a pseudodifferential operator Lσ with Weyl symbol σ = F2 Ts k.
Since both Ts and F2 are unitary operators on L2 (Rd ), we deduce that kAkI2 =
kσkL2 (R2d ) .

Trace Class Operators. The simplest trace class result using modulation
spaces is due to Feichtinger and Sjöstrand, with the first proof published in [Grö96].
This result gives a sufficient but not necessary condition on the symbol σ which
ensures that the corresponding operator Lσ is trace-class. For simple proofs, see
[GH99, Prop. 4.1] or [Heil03, Prop. 6.1].
Theorem 6.2. If σ ∈ M 1,1 , then Lσ ∈ I1 .
Theorem 6.2 should be compared to the trace-class results that were obtained
independently by Daubechies [Dau80] and Hörmander [Hör79]. Using the identification of Lemma 4.2(d), their results can be formulated as follows: If σ ∈ Mv2,2
for
s
s > 2d, then Lσ ∈ I1 . That Theorem 6.2 is slightly sharper can be seen from the
elementary embedding
Mv2,2
,→ M 1,1
s

⇐⇒

s > 2d.

So far the best result along these lines seems to be due to Heil, Ramanathan, and
Topiwala [HRT97]: If σ ∈ Mv2,2
for s > d, then Lσ , Kσ ∈ I1 . See [Heil03] for an
s
exposition of the proof and some extensions, and [PS75] for a related result.
Boundedness. In order to analyze the boundedness of the pseudodifferential
operator Lσ , we fix any window ϕ ∈ S(Rd ) with kϕk2 = 1, and define a window on
R2d by Φ = W (ϕ, ϕ). Then we use Proposition 5.3 and Lemma 3.5 to write
hLσ f, gi = hσ, W (g, f )i = hVΦ σ, VΦ W (g, f )i .

(15)

Note that for f , g ∈ S(Rd ) and σ ∈ S 0 (R2d ), the duality in (15) is well-defined,
since by Lemma 3.4 we have that W (g, f ) ∈ S(R2d ), and therefore VΦ σ ∈ S 0 (R4d )
and VΦ W (g, f ) ∈ S(R4d ).
The formulas above literally demand the use of modulation space norms. Since
we have already calculated the STFT of a Wigner distribution in Lemma 3.6,
the following boundedness result is almost immediate. This result generalizes and
simplifies [GH99, Thm 1.1].
Theorem 6.3. If σ ∈ M ∞,1 (R2d ), then Lσ is a bounded operator from M p,q (Rd )
to M p,q (Rd ) for each 1 ≤ p, q ≤ ∞, with a uniform estimate
kLσ kop ≤ kσkM ∞,1 .
In particular, Lσ is bounded on L2 (Rd ).
Proof. If f , g ∈ S(Rd ), then we have W (g, f ) ∈ S(R2d ) by Lemma 3.4, and hence
another application of Lemma 3.4 yields that VΦ (W (g, f )) ∈ S(R4d ). On the other
hand, since σ ∈ M ∞,1 (R2d ) ⊂ M ∞,∞ (R2d ), we have by definition of M ∞,∞ that the
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short-time Fourier transform VΦ σ is a bounded function. Hence the duality in (15)
is given by the integral
Z Z
hLσ f, gi = hVΦ σ, VΦ W (g, f )i =
VΦ σ(z, ζ) VΦ (W (g, f ))(z, ζ) dz dζ . (16)
R2d

R2d

The integral converges absolutely, and in particular we can interchange the order
of integration as we like. We apply a special case of Hölder’s inequality for mixed
norm spaces, namely,
|hF, Gi| ≤ kF kL∞,1 kGkL1,∞ ,
to (16), to obtain that
|hLσ f, gi| ≤ kVΦ σkL∞,1 (R4d ) kVΦ (W (g, f ))kL1,∞ (R4d )
Z

= kσkM ∞,1 (R2d ) · sup
|VΦ W (g, f ) (z, ζ)| dz .
ζ∈R2d

(17)

R2d

To estimate the integral over z = (z1 , z2 ) appearing in (17), we use Lemma 3.6.
Write ζ̃ = (− ζ22 , ζ21 ) ∈ R2d , so that Vϕ f (z1 + ζ22 , z2 − ζ21 ) = Tζ̃ Vϕ f (z). Then, using
Lemma 3.6 and Hölder’s inequality, we have
Z
Z

|VΦ W (g, f ) (z, ζ)| dz =
|Tζ̃ Vϕ f (z)| |T−ζ̃ Vϕ g(z)| dz
R2d

R2d

≤ kTζ̃ Vϕ f kLp,q (R2d ) kT−ζ̃ Vϕ gkLp0 ,q0 (R2d )
= kVϕ f kLp,q (R2d ) kVϕ gkLp0,q0 (R2d )
= kf kM p,q (Rd ) kgkM p0,q0 (Rd ) ,

(18)

independently of ζ ∈ R2d . Combining (17) and (18), we have proved that
|hLσ f, gi| ≤ kσkM ∞,1 (R2d ) kf kM p,q (Rd ) kgkM p0,q0 (Rd )

(19)

for f , g ∈ S(Rd ). This extends by a standard density argument to all f ∈ M p,q
0 0
and g ∈ M p ,q = (M p,q )∗ . Consequently, we have Lσ f ∈ M p,q , and taking the
supremum in (19) over all g with kgkM p0,q0 = 1 yields
kLσ f kM p,q (Rd ) ≤ kσkM ∞,1 (R2d ) kf kM p,q (Rd ) .
Hence Lσ is bounded on M p,q , and its operator norm is at most kσkM ∞,1 .



Thus, the modulation space M ∞,1 (R2d ) arises naturally as a symbol class for the
study of pseudodifferential operators, and moreover is particularly well-suited for
the purposes of time-frequency analysis. To compare Theorem 6.3 with analogous
results using standard function spaces, we quote the following embedding theorem.
Here Cbd+1 (Rd ) denotes the space of all functions which are differentiable up to
order d + 1 with bounded derivatives.
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Theorem 6.4. Cbd+1 (Rd ) ⊂ M ∞,1 (Rd ) and there exists C > 0 such that
X
kD α f k∞ .
kf kM ∞,1 ≤ C kf kC d+1 = C
|α|≤d+1

Remarks 6.5. a. In particular, it follows from this embedding that if σ ∈
Cb2d+1 (R2d ), then Lσ is bounded on M p,q for every 1 ≤ p, q ≤ ∞. The statement that Lσ is bounded on L2 = M 2,2 when σ ∈ Cb2d+1 (R2d ) is in the spirit of the
celebrated Calderón–Vaillancourt Theorem [CV72], cf. [Fol89, Thm. 2.73].
b. A more elaborate argument of Heil, Ramanathan, and Topiwala shows the
stronger embedding result C s (R2d ) ⊂ M ∞,1 (R2d ) for s > 2d, where C s is the
Hölder–Lipschitz space of order s [HRT97, Prop. 6.3]. A more direct proof of
this embedding has recently been found by Okoudjou, as a special case of a class
of embeddings of Besov and Triebel–Lizorkin spaces into the modulation spaces
[Oko02]. A different set of embeddings of Besov spaces into modulation spaces
has also been found by Toft [Toft02] and by Gröbner in his earlier, unpublished
thesis [Gröb91].
c. In contrast to the standard theory of pseudodifferential operators, which works
with C ∞ -symbols, the hypotheses of Theorem 6.3 do not require smoothness of σ in
order to obtain the boundedness of Lσ on L2 or on M p,q . See [GH99] for examples.
d. A special case of Theorem 6.3 was proved by Sjöstrand [Sjö94], who was
apparently unaware of the extended theory of modulation spaces that was available.
Among hard analysts, the space M ∞,1 is sometimes known as Sjöstrand’s class.
Using relation (14) between the Kohn–Nirenberg correspondence and the Weyl
calculus, it is easy to transfer Theorem 6.3 to the Kohn–Nirenberg symbol, giving
the following result [Grö01, Cor. 14.5.5].
Corollary 6.6. If σ ∈ M ∞,1 (R2d ), then Kσ is a bounded operator on M p,q for each
1 ≤ p, q ≤ ∞.
A boundedness result similar to Theorem 6.3 holds for weighted modulation
spaces as well. The proof is a modification of the proof of Theorem 6.3 and will be
omitted, see [Grö01, Ch. 14.5].
Theorem 6.7. Let v be a submultiplicative weight on R2d and set w(z, ζ) = v(ζ̃)2 =
p,q
(R2d ) for all
v(− ζ22 , ζ21 )2 on R4d . If σ ∈ Mw∞,1 (R2d ), then Lσ is bounded on Mm
1 ≤ p, q ≤ ∞ and all v-moderate weights m.
6.2. Refinements. To refine the endpoint results of the previous section, we use
further properties of the modulation spaces, namely their basic inclusion and interpolation properties.
The following inclusion result is trivial using the atomic decompositions associated to the modulation spaces (Gabor frames or Wilson bases), see [Grö01,
Thm. 12.2.2].
Theorem 6.8 (Inclusion Theorem). M p1 ,q1 ⊂ M p2 ,q2 ⇐⇒ p1 ≤ p2 , q1 ≤ q2 .
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In addition, the modulation spaces interpolate similarly to the mixed-norm Lp,q spaces. For the case of complex interpolation, we have the following result [Fei81].
Theorem 6.9 (Complex Interpolation).
(a) [M 1,1 , M 2,2 ]θ = M p,p for 1 ≤ p ≤ 2.
0

(b) [M 2,2 , M ∞,1 ]θ = M p,p for 2 ≤ p ≤ ∞.
Since the p-Schatten classes also interpolate like Lp -spaces, namely, [I1 , I∞ ]θ =
Ip for 1 ≤ p ≤ ∞, we can now prove the following statement, see also [GH99,
Cor. 3.5].
Theorem 6.10.
(a) If 1 ≤ p, q ≤ 2 and σ ∈ M p,q , then Lσ ∈ Imax{p,q} .
(b) If p ≥ 2 and q ≤ p0 , and if σ ∈ M p,q , then Lσ ∈ Ip .
(c) In particular, if q ≤ 2 and either 1 ≤ p ≤ 2 or p ≤ q 0 , then Lσ is a bounded
operator on L2 (Rd ).
Proof. (a) We first use interpolation. Fix 1 ≤ p ≤ 2. Then by combining
Theorem 6.9 with the interpolation of the Schatten classes, we obtain that if
σ ∈ [M 1,1 , M 2,2 ]θ = M p,p , then Lσ ∈ [I1 , I2 ]θ = Ip .
Next, we use the inclusion relations. Fix 1 ≤ p, q ≤ 2, and set µ = max{p, q}.
Then by Theorem 6.8, we have M p,q ⊂ M µ,µ and therefore Lσ ∈ Iµ , so part (a) is
proved.
(b) Again we use interpolation and then inclusions. If 2 ≤ p ≤ ∞ and σ ∈
0
[M 2,2 , M ∞,1 ]θ = M p,p , then Lσ ∈ [I2 , I∞ ]θ = Ip . When p ≥ 2 and q ≤ p0 , we have
0
M p,q ⊂ M p,p , and consequently Lσ ∈ Ip .
(c) The hypotheses on p, q here are just a reformulation of the conditions in
parts (a) and (b), so this part is immediate.

It is shown in [GH02] that Theorem 6.10 is sharp in the following sense.
Theorem 6.11.
(a) If q > 2, then there exist σ ∈ M p,q such that Lσ is unbounded on L2 (Rd ).
(b) If p ≥ 2 and p > q 0 , then there exist σ ∈ M p,q such that Lσ is unbounded
on L2 (Rd ).
For statement (a) it is possible to find simple counter-examples in the form of
“rank one” operators. However, statement (b) is more subtle and requires the full
machinery of the modulation spaces, see [GH02].
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7. Mapping Properties between Modulation Spaces
Using the techniques of Theorem 6.3, it is easy to investigate the mapping properties of the Weyl transform between modulation spaces. The following result is
obtained by technical modifications to the proof of Theorem 6.3.
Theorem 7.1. Assume that 1 ≤ q ≤ p ≤ ∞ and that σ ∈ M p,q (R2d ). If µj ≥ p0 ,
νj ≤ p, and
1
1
1
1
j = 1, 2 ,
(20)
−
= 0− ,
µj
νj
q
p
then Lσ is a bounded operator from M µ1 ,µ2 to M ν1 ,ν2 .
Proof. As in (15), we represent Lσ as
hLσ f, gi = hσ, W (g, f )i = hVΦ σ, VΦ W (g, f )i ,
where as usual we fix ϕ ∈ S(Rd ) with kϕk2 = 1 and set Φ = W (ϕ, ϕ). Now we
apply Hölder’s inequality for the mixed-norm spaces Lp,q to obtain that
|hLσ f, gi| ≤ kVΦ σkLp,q (R4d ) kVΦ (W (g, f ))kLp0,q0 (R4d ) .

(21)

Note that kVΦ σkLp,q (R4d ) = kσkM p,q is the exactly the appropriate modulation-space
norm of σ. To estimate the norm of the STFT of the Wigner distribution appearing
in (21) we use Lemma 3.6. Set ζ̃ = (−ζ2 , ζ1 ) ∈ R2d , and define F = |Vϕ f | and
G = |Vϕ g|. Then by Lemma 3.6,
|VΦ (W (g, f ))(z, ζ)| = |Vϕ f (z − 2ζ̃ )| |Vϕg(z + 2ζ̃ )| = F (z − 2ζ̃ ) G(z + 2ζ̃ ) .
Hence,

Z

Z

kVΦ (W (g, f )kLp0,q0 =

R2d

Z

p0

R2d

R2d

Z

q0 /p0

1/q0

R2d

p0

F (z) IG(−z − ζ̃) dz

p0

=

p0

(F ∗ IG )(−ζ̃)

0

0

1/q0
dζ

p0

=

q0 /p0

F (z − ζ̃/2) G(z + ζ̃/2) dz

Z

R2d

p0

q 0 /p0

dζ

1/q0
dζ

1/p0

= kF p ∗ IGp kq0 /p0 .
Set t = q 0 /p0 , and note that t ≥ 1 since q ≤ p. Let rj , sj be numbers, defined
precisely in a moment, which satisfy
1
1
1
rj , s j ≥ 1
(22)
and
+
= 1 + , for j = 1, 2 .
rj sj
t
Then Young’s convolution theorem in its version for mixed-norm spaces [BP61,
Thm. 10.1] yields
0

0

1/p0

kF p ∗ IGp kt

0

1/p0

0

1/p0

≤ kF p kLr1 ,r2 kGp kLs1 ,s2 .
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Now,
0 1/p0
kF p kLr1 ,r2

Z

Z
=
Rd

Rd

|Vϕ f (x, ω)|

and likewise,
0

p 0 r1
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p0 r2 /(p0 r1 ) 1/(p0 r2 )
dx
dω
= kf kM p0r1 ,p0 r2 ,

1/p0

kGp kLs1 ,s2 = kgkM p0s1 ,p0 s2 ,

0

0

so by combining all these estimates we conclude that for all f ∈ M p r1 ,p r2 and
0
0
g ∈ M p s1 ,p s2 , we have
|hLσ f, gi| ≤ kσkM p,q kf kM p0r1 ,p0 r2 kgkM p0s1 ,p0 s2 .

(23)

Taking the supremum over g with unit norm leads to the conclusion that Lσ
0
0
0
0
0
0
maps M p r1 ,p r2 into M (p s1 ) ,(p s2 ) .
The result now follows by choosing the proper values for rj , sj and attending
to some bookkeeping. Define rj = µj /p0 and sj = νj0 /p0 . By hypothesis, µj ≥ p0
and νj ≤ p, so we have rj , sj ≥ 1, and it follows from (20) and a little calculation
that (22) holds, and hence the result follows.

Remarks 7.2. a. Theorem 7.1 was announced by the authors at several conferences, including FSDONA (Teistungen, July 2001) and the International Conference on Wavelets and their Applications (Chennai, January 2002). Recently, it was
proved independently by J. Toft [Toft02].
b. Analogous results can be proved for symbols in the spaces F M p,q . The proofs
are similar, the only modification required is a change in the order of integration.
c. By combining the proof of Theorem 6.7 with the proof of Theorem 7.1, one
can derive mapping properties of pseudodifferential operators between weighted
modulation spaces. These theorems quantify precisely how the time-frequency
distribution of a function changes under the action of a pseudodifferential operator
p,q
with a symbol in Mm
. These results will be elaborated upon in later work.
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K. Gröchenig, Foundations of Time-Frequency Analysis, Birkhäuser, Boston, 2001.
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