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I - The Kohmoto Model
M. Kohmoto, L. Kadanoff, Chan Tang, Phys. Rev. Lett., 50, 1870-72, (1983).

S. Ostlund, R. Pandit, D. Rand, H. J. Schellnhuber, E. D. Siggia,
Phys. Rev. Lett., 50, 1873-76, (1983).



The Model

• On `2(Z)

Hα,xψ(n) = ψ(n + 1) + ψ(n − 1) + λχ(0,α](nα − x)ψ(n)

• This model describes the electron motion in a 1D quasicrystal.

• Introduced in 1983 by two groups of Physicists (Kohmoto et al, ‘83, Ostlund et

al ’83). A numerical cal culation of the spectrum as a function of α
was performed by (Ostlund & Kim ’85).

• A transfer matrix approach leads to a dynamical system called
the trace map allowing to study rigorously the spectrum and the
spectral measure (Casdagli ’86, Sütó ’87, JB-Iochum-Scoppola & Testard ’89, Damanik & Gorodetsky,

’92-17).



The Kohmoto Spectrum
Spectrum of the Kohmoto

model
(Fibonacci Hamiltonian)

(Hψ)(n) =

ψ(n + 1) + ψ(n − 1)
+λ χ(0,α](x − nα) ψ(n)

as a function of α.

Method:
transfer matrix calculation



The Kohmoto Spectrum
J. Bellissard, B. Iochum, D. Testard, Commun. Math. Phys. 141, 353-380, (1991).

• The spectrum is independent of x. It is continuous near each
irrational α.

• The spectrum exhibit a discontinuity at each α = p/q ∈ Q.

• The limits from above or below introduce an eigenvalue of multi-
plicity one in each gap.

• The limit α → p/q ± 0 introduces a rank one defect in a q-periodic
chain.



The Kohmoto Spectrum
D. Damanik, B. Gorodetsky et al., 1992-2017.

• For the case α = (
√

5 − 1)/2 more has been proved

• The spectral measure is singular continuous at any λ > 0.

• The Hausdorff dimension of the spectral measure has been esti-
mated with high accuracy for every λ > 0. The asymptotic at
λ ∼ 0 and λ→∞ are known exactly.

So why bother further ?



II - Sturmian Sequences

N. Pytheas Fogg, Substitutions in dynamics, arithmetics, and combinatorics,
see P. Arnoux, Chap. 6, Lect. Notes in Math., Springer, (2002).



Sturmian sequences
N. Pytheas Fogg, Substitutions in dynamics, arithmetics, and combinatorics,
see P. Arnoux, Chap. 6, Lect. Notes in Math., Springer, (2002).

• Let ξ = (ak)k∈Z be a sequence of letters ak ∈ A picked in a finite
alphabet A.

• For such a ξ

– it is called Sturmian whenever the number of its distinct sub-
words of length n is exactly n + 1. Then A must have only two
letters A = {a, b}.

– it will be called called quasi-Sturmian whenever the number of
its distinct subwords of length n is less than or equal to n + 1.

• The set Ξ of quasi-Strumian sequences in Ω = AZ, is closed and
shift invariant.



Sturmian sequences
N. Pytheas Fogg, Substitutions in dynamics, arithmetics, and combinatorics,
see P. Arnoux, Chap. 6, Lect. Notes in Math., Springer, (2002).

For A = {a, b}, set ε(a) = 0 , ε(b) = 1. Then

Theorem: A sequence ξ = (ak)k∈Z ∈ Ω is Sturmian if and only if there
is α ∈ [0, 1] \Q and x ∈ [0, 1] such that ε(ak) = χ(0,α](kα − x)

Remark: in the cut-and-project representation, the parameter x gives the
position of the reference line associated with the sequenceξ



Cut-and-Project Representation
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Cut-and-Project Representation



Sturmian sequences

• Endow Ω with the combinatorial metric dcomb defined, for two se-
quences ξ = (ak)k∈Z , η = (bk)k∈Z in Ω, by

dcomb(ξ, η) = inf
{ 1

n + 1
; ak = bk , |k| ≤ n

}
• dcomb is an ultrametric.

• Let dHc denotes the corresponding Hausdorff metric defined on the
closed subspaces of Ω.

• Let J(Ξ) denotes the set of closed shift invariant subsets of the quasi-
Sturmian set Ξ.



Examples of Closed Shift Invariant Sets

• Any periodic sequence η in Ω has a finite orbit Orb(η), thus it is
closed and invariant, namely Orb(η) ∈ J(Ξ).

• Given any quasi-Strurmian sequence ξ, its orbit closure
Ξξ = {Snξ ; n ∈ Z} belongs to J(Ξ).

• Let ζ be obtained from a periodic sequence η, by cutting it around
the origin and inserting a finite word, called a defect, between the
two semi-infinite sequences. Then again Ξζ ∈ J(Ξ). In addition

– by shifting the defect to infinity, the sequence η is recovered
showing that η ∈ Ξζ

– However, since Ξη , Ξζ, it follows that dHc(Ξζ,Ξη) > 0.



Examples of Closed Shift Invariant Sets
Consider two periodic sequences ηr , η`. Produce a new sequence ζ
by gluing together the left part of η` on the left of the origin and the
right part of ηr on the right. Then ζ ∈ Ξ is quasi-Sturmian. However

Lemma: The orbit closure Ξζ contains both η±
The Hausdorff combinatorial distance dHc

(
Ξζ,Ξη

)
> 0 for any periodic

sequence η

In other words there are quasi-Sturmian sequences in Ξ that cannot
be a approximated by periodic ones in the space J(Ξ) !!



The Space Ξ

The first part of the following result follows from (Beckus, JB, De Nittis ’18), the
second part is coming from (Beckus, JB, in preparation),

Theorem: The space J(Ξ), equipped with the metric dHc is closed and
compact.

It is completely disconnected with isolated points corresponding to periodic
Sturmian sequences. It is homeomorphic to the limiting space of the Farey
tree.

The Farey tree ?



The Farey Tree



The Farey Tree
The algorithm (due independently to (C. Haros, 1802, A.-L. Cauchy circa 1816)) is
visually provided by



The Farey Tree

• If the red edges are ignored, the Farey graph F is a tree with root
1/2.

• Each vertex is a fraction from which three branches grow. The
central one gives an infinite path without further branching.

• The limit set ∂F is defined as the set of infinite paths starting from
the root.

• If v is a vertex, [v] denotes the set of path passing through v. The
family {[v] ; v − a vertex−} defines a basis for a topology on ∂F.

• ∂F is compact and totally disconnected (Pearson, JB ’08). An infinite path
with eventually no branching gives an isolated point in ∂F.

• There is a canonical continuous surjective map φ : ∂F → [0, 1]
which is one-to one on irrational numbers and 3-to-one on rational
ones.



III - Observable Algebra



Quantum Observables

• The Kohmoto Hamiltonian actually does not depends on α but
on the Sturmian sequence ξ the pair (α, x) defines. Then it can can
be abstractly written as

Hξ = U + U−1 + λVξ ,

where U is the translation by one in `2(Z) and

• the potential V is defined as a function on Ξ by

V̂(ξ) = (ξ)0 , Vξψ(n) = ε
(
V̂(S−nξ)

)
ψ(n) .

where S denotes the shift acting on Ξ.



Quantum Observables

• The set of functions {V ◦ S−n ; n ∈ Z} generates an Abelian
∗-algebra C0 by pointwise addition, product, complex conjuga-
tion, called the set of pattern equivariant functions (Kellendonk ’03).

• Completing C0 with the uniform topology, gives an Abelian C∗-
algebra denoted by C.

Theorem The C∗-algebra C is

• ∗-isomorphic to C(Ξ), namely Ξ can be seen as the set of characters of C.

• The shift map θS : f ∈ C → f ◦ S−1 extends as a ∗-automorphism

• The C∗-algebra generated by the element U,V is the crossed product
algebra C(Ξ) oθS

Z



Continuous Field

• Given a closed shift invariant subset Σ ∈ J(Ξ), the same construction
can be made, namely it gives a C∗-algebraAΣ = C(Σ) oθS

Z

• If ξ ∈ Ξ, then the Hamiltonian Hξ is shift covariant namely

U HξU−1 = HSξ ,

• In particular the spectrum of Hξ depends only upon the orbit of ξ.
By strong continuity it contains the spectrum of Hη for any η in the
orbit closure Ξξ

• Thus it gives an element of the C∗-algebraAΞξ



Continuous Field
From the general theory (Beckus, JB, De Nittis, ’18 to appear in JFA) it follows that

• The field of C∗-algebra (AΣ)Σ∈J(Ξ) is continuous for the Hausdorff
topology of J(Ξ)

• The family HΣ = (Hξ)ξ∈Σ defines a continuous section of this field.

• The spectrum of HΣ, seen as an element of the C∗-algebra AΣ
satisfies

σ(HΣ) =
⋃
ξ∈Σ

σ(Hξ)

• The map Σ ∈ J(Ξ) → σ(HΣ) ⊂ R is continuous in the Hausdorff
metric.



Continuous Field
From (Beckus, JB, Cornean, ’18 in preparation) it follows that

• If H is a polynomial in U, then H is called finite range.

• Functions in the ∗-algebra C0 are called pattern equivariant (Kellendonk

‘03)

• If then H is called pattern equivariant whenever all its coefficients
are pattern equivariant



Continuous Field

Main Theorem:
For H a continuous field of self-adjoint elements of the field (AΣ)Σ∈J(Ξ),
which are both finite range and pattern equivariant, the map Σ ∈ J(Ξ) →
σ(HΣ) ⊂ R is Lipshitz continuous in the Hausdorff metrics



IV - Extensions ?



Decorations of Zd

• LetA be a finite alphabet. On the latticeZd, the full shift is provided
by the space Ω = AZ

d
, endowed with the obvious shift-action of

Zd.

• A subshift is a closed Zd-invariant subset Ξ.

• The same formalism applies: the space of closed invariant subsets
J(Ω), the C∗-algebras , the continuous field, the concept of finite range
and of pattern equivariance.

• Both continuity and Lipshitz continuity Theorems apply.(Beckus, JB, Cornean, in

preparation)



Quasicrystals

• The cut-and-project method can be generalized to E‖ ' Rd while
Z2 becomes ZN with N > d.

• The concept of window exists as well, together with the concept of
flip-flop, and the Cantorian character of the window.

• The space of slopes is replaced by the Grassmannian GN
d of linear

subspaces of RN with dimensiond.

• The opening of the gaps occurs at latticial d-spaces, namely spaces
defined by a subset of vectors of ZN. But it occurs also at any d-
spaces having a non-generic intersection with some latticial spaces.

• The usual quasi-lattices like, the Penrose, the octagonal, or their
3D-versions, those with symmetries, are non-generic elements of
G

N
d .



Quasicrystals

• The Farey tree can be replaced by an analog the end of it repre-
senting the Cantor set Ξ obtained by creating suitable gaps at each
non-generic point of GN

d .

• Like for the Kohmoto model, the set J(Ξ) can be defined.

• All the same formalism applies for the C∗-algebras , the continuous
fields of self adjoint operators and the continuity Theorem.

• The Lipshitz continuity for finite range, pattern equivariant contin-
uous fields of self adjoint element should be easy to generalize.



Thanks !


