HOMEWORK 4, DUE THURSDAY FEBRUARY 6

Problem 1, (5 points): Please do Problem 2.2.39 in Heil.
Solution: Fix o < 1 and suppose that there is no cube with |[E N Q|. > «|@|. Hence for
every cube we have that |[E'NQl. < «|Q|. For any € > 0 there exists a countable collection of
cubes )i such that £ C U@} and such that

Z|Qk| S |E|e+5-
k

This follows from the definition of the exterior measure. We may assume that £ N Qy # 0
because otherwise we could drop it from the sum while preserving the above inequality. By

assumption
a) Q> D 1ENQu
k k

and by subadditivity
S IEN Qi > Bl .
k
Hence
a(|Ele +¢) > [Ele
which, since € can be chosen as small as we like and o < 1 is a contradiction.

Problem 2, (5 points): Please work Problem 2.3.17 in Heil.
Solution: Consider the sets E \ A,. Since |E| < oo and |A4,,| — |E| as n — oo we find

|E\ An] — 0
as n — 0o. Hence there exists a subsequence ny such that ), |E\ A,,| < |E|. Now,
Ur(E\ Ap) = EN\ (NeAn,) -
and hence
[EN (MeAn )| + 10 A, | = |E]
Therefore,
[Nk Ane| = 1B = [ Uk (BE\ An)| 2 |E| = ) |E\ Ay | >0,
k

using subadditivity.

Problem 3, (7 points): Please work Problem 2.3.18 in Heil.
Solution: If £ is measurable then

QI =1Q@NEl+[Q\ El

using Caratheodory’s criterion. Conversely, suppose the above equation holds for every box
Q. Let A be an arbitrary set. By subadditivity of the exterior measure

|Ale <|ANE|.+ A\ E| .
1
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Pick € > 0. There exists a countable collection of boxes such that A C UpQ; and

Al > > 1@kl —e = Qe \ Bl + Qe NE| — <.
k k

and by countable subadditivity and monotonicity

A\ E| < |(UQu) \ Bl < Y10k \ Bl ,

‘AHE\SZ’Qk\E’
!

so that
|Ale > |[A\E|+|ANE|—¢
which proves the claim because ¢ is arbitrary.

Problem 4, (3 points): Please work Problem 2.3.19 in Heil.
Solution: The function f(t) = |E N By| is increasing by monotonicity. Pick any increasing
sequence tj that converges to ¢t. Then E'N By, is and increasing sequence of nested sets and

k—00

So f(t) is continuous from the left. If ¢; is any sequence decreasing towards ¢ then
lim f(t) = M B0 By | = 1)

Thus f is continuous on (0,00). c¢) follows by taking t; — oo and b) follows from f(t) <
B — 0 ast — 0. The last assumption implies that f(¢) is bounded and any continuous
monotone increasing function that is bounded is uniformly continuous.

Problem 5, (5 points): Please do problem 2.4.8 in Heil.
Solution: a) For any set E C R? there exists a G5 set G with £ C G and |E|. = |G|. Thus
we have Ej, C Gy and |Ey|. = |G| for kK = 1,2,.... We do not know, however, whether the
G, are nested. Instead of GG we consider for any m =1,2,...
Bm = sz:mGk
We obviously have that B,, C B,,+1. Further, since E,, C E; C Gy, for all £ > m we have
that E,, C B,,. Thus, by continuity
| Uy B = lim | By,
m—r0o0
and hence by monotonicity

| U Emle < |Up B = lim |By,| < liminf |G,,| = lim |E,].

Hence
| U Emle < lim |Eyy e
m—ro0
By monotonicity
| Um Em|e 2 ‘Ek|e

for all k =1,2,... and hence
| U Emle > lim |Epye -
m—ro0
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b) Recall the non-measurable sets we constructed in class. There were countably many
congruent subsets of the circle of circumference 1. Call them M. They had the property that
M0 M, =0 for k # ¢ and Uy M, = C the circle. Consider the sets B, = U2 M. We have
that By D By D Bs--- which are nested. Each set has finite exterior measure because it is a
subset of C'. Further

Mo=1Bm = 0
because it consists precisely of the points that are in infinitely of the sets M}, which are disjoint.
The sets M}, all have the same exterior measure, since they are congruent. Call this number
K. This number cannot be zero since by subadditivity

L=[C| <> [Mye .
k

Hence
|Bm|e Z |Mm|e =K
and
liminf |By,|. > K
m—00
whereas



