Math 1552, Integral Calculus
Test 3 Review, Sections 10.3-10.9

1. Terminology review: complete the following statements.

(a) A geometric series has the general form __________ .

The series converges when _____________ and diverges when _____________.

(b) A p-series has the general form _____________. The series converges when _____________ and
diverges when _____________. To show these results, we can use the __________ test.

(¢) The harmonic series has the form __________ sand it

(d) If you want to show a series converges, compare it toa series that also
converges. If you want to show a series diverges, compare it toa _____________ series that

also diverges.

(e) If the direct comparison test does not have the correct inequality, you can instead use

the test. In this test, if the limitisa _____________ number (not equal
to ), then both series converge or both series diverge.
(f) In the ratio and root tests, the series will _____________ if the limit is less than 1 and

(g) If >, ay is an alternating series, then it converges ____________ if >, |ag| converges. It
converges _____________ if . |ag| diverges and (i) the limit of the termsis _____________ and

(ii) the sequence of termsis .

(h) If an alternating series converges, we can estimate the sum by adding the first n
terms. Stopping after n terms will give us an error at most equal to the magnitute of the

_____________ term in the sequence.

(i) If lim,—oc an = 0, then what, if anything, do we know about the series ) a,?
(j) A power series has the general form: ________ . To find the radius of convergence
R, use either the or test. The series converges _____________ when

|z — ¢| < R. To find the interval of convergence, don’t forget to check the __________ .



(k) A Taylor polynomial has the general form: _____________. The Taylor polynomial is the

nth of the Taylor series with general form: _____________.

(1) The Taylor remainder theorem says that |R,| < %Mc — a|"™1, where M represents
the maximum value of the _____________ derivative of f on the interval between x and a. The

remainder term decreases whenn _____________ orwhenxis ____________ to a.
(m) A MacLaurin Series is a Taylor series centered at _____________.

(n) Complete the formulas for the common MacLaurin series.

k=0
In(1+x) = i
k=0
sin(z) = Z
k=0
cos(x) = Z
k=0

(o) Fill in the formulas for the derivatives and anti-derivatives of a power series.

d [& k]
- Z apx =
dz L:o

/Om Lf::o aktk] dt =

Problems from Recitation Worksheets

2. Determine if each of the following statements is always true or sometimes false.

(a) > opey ﬁ is a p-series with p = 3.



(b) Sore, m converges when p > 1.

(c) To show a series ), ap converges by the Basic Comparison Test, we should find a
smaller series ), by that also converges.

(d) A limit of 0 or oo from the Limit Comparison Test may not give us a conclusive answer
as to whether our series converges or diverges.

(e) To determine whether > /% . 5 converges or diverges, use the Basic Comparison

#—10
Test with > 77 5 5.

f) If lim,, o aiil < 1, then the series Zk ap converges.
g) We should use the root test if all of the terms are raised to the k'* power.

h) We can use the root test to show that the p-series ), \/ig diverges.

(
(
(
(i) The ratio test would be inconclusive for the series >, k%“
(
(
(
(

(2k)! = 2k!

)
J)
k) If an alternating series converges absolutely, then it also converges conditionally.

1) If )", |ax| converges, then the alternating series ), a; also converges.

m) If Y, a is an alternating series and {|ax|} is a decreasing sequence, then ), aj
converges.

(n) If >, ar is an alternating series and ), |ax| diverges, then ), aj cannot converge

absolutely.

(o) If >, ay is an alternating series and limy_,o |ax| # 0, then ), a; diverges.

3. Determine whether the following series converge or diverge. Justify your answers using
any of the tests we have discussed in class. Make sure that you (1) name the test and state
the conditions needed for the test you are using, (2) show work for the test that requires
some math, and (3) state a conclusion that explains why the test shows convergence or

divergence.

k
(a) >y zlfj

(b) Sz, (1= )"
(¢) Yo, ktan (3)

(d) 220:2 k(le)3



OP g

(F) Y5, A2

(g) 2021 \/I%

(h) 155 + 35 + 57 +
(i) Yo, Ik

() o, @

(1) Zoo 1-3-5-...-(2n—1)

n=1 4n2nnl

T’k

4. Suppose r > 0. Find the values of r, if any, for which Zzozl 7= converges.

5. Determine whether the following alternating series converge absolutely, converge con-

ditionally, or diverge. Justify your answers using the tests we discussed in class.

(a) Zk 2( 1)k+lm
b) >

( 2
(c) >hso
(d) 3o,
6. Find the radius and interval of convergence of the following power series:
() Y (1) “52-

(b) ooz, B

lkk

(—1)
(- 1)k5k_’ﬁ2k
(-1)

1 k
k:ln k\/ln Ink

7. Find a power series representation for the function f(x) = For what values of =

4+m4

does the series converge?

8. Find the third degree Taylor polynomial of the function f(z) = tan~!(x) in powers of
r— 1.
9. Use a Taylor polynomial to estimate the value of /e with an error of at most 0.01.

HINT: Choose a = 0 and use the fact that e < 3.

. 2 4 . .
10. For what values of z can we replace cos x with 1 — 3 + 7+ within an error range of no

more that 0.0017



11. Use the MacLaurin series for f(z) = ﬁ to find a power series representation of the

function
T
= i

HINT: You will need to differentiate.
12. Find f((0) for the function f(x) = xsin(x?).

13. Find a power series (i.e., MacLaurin series) representation for the following functions.

When is your series valid?

(a) f(2) = 535

(b) g(z) = ze™"

14. Find a MacLaurin series for the function f(x) = tan~!z.

15. Find the sum of the series:

7T3 7.‘.5 7.‘.271—‘,—1

1"
53 T a2 T T Y mE g

T
5~ !—i—...

16. Use a MacLaurin series to estimate fol e—*"dx within an error of no more than 0.01.

Additional Test Review Problems

17. Let {a,} and {b,} be a sequences of non-negative terms. Are the following statements
always true or sometimes false?

a) If lim, .o a, = L, then the series ) a, = L.

b) If lim,, o a, = 0, then {a,} converges to 0.

c) If lim,, .o a, =0, then )  a, converges.

(
(
(
(d) If >°,, ay, converges, then lim,, . a, = 0.
(e) If 3" a, diverges, then lim, o a, # 0.
(f) If limy, oo an, # 0, then ) a, diverges.
(g) If lim,, o0 @y, # 0, then {a,} diverges.
(h)

h) If [° f(z)dz = L, where 0 < L < 0o, then Y, f(n) = L.



(i) If >, b, converges and a,, > b,, for all n > 1, then ) a, also converges.
(j) If >, by diverges and a,, > by, for all n > 1, then ) a, also diverges.

(k) If lim,— o Z—: =0 and ), b, diverges, then ) a, also diverges.

18. Determine if each statement below is always true or sometimes false.

(-p"t

a) If p > 1 the alternating p-series > | converges conditionally.
)

n+11

b) The alternating harmonic series >~ ,(—1)""'+ is conditionally convergent.

o0 . . . 00 an
(c) If Y, _ an is a convergent series of nonnegative numbers, then ) "~ | %= also converges.
(d) If >>>°  an is a convergent series of nonnegative numbers, then Y~ sin(a,) also
converges.

e) The series Y >~ , m converges for any p > 1.

n=2 n(lnn)P

(
(f) The series > > , —1 — diverges for any p < 1.
(

An 41
An

be a finite number. If a series

g) Let {a,} be a positive sequence and L = lim,,_,
>0 | an converges, then L < 1.
(h) Let {a,} be a positive sequence and L = lim,,_, oo (an)% be a finite number. If a series
>0 | an diverges, then L > 1.
(i) If the radius of convergence of a power series is 0, then the power series diverges
everywhere.
(j) If a power series Y - a,z™ converges in (—1,1), then its radius of convergence is 1.
(k) Every Taylor series is a power series.

. . 2 4
(1) The fifth degree Taylor polynomial for cos(z) about z = 0is 1 — & + Zr.
(m) For any Taylor polynomial, the error in the approximation is no more than the mag-

nitude of the (n + 1) term.

19. Let f(z) = [, tsin(t®)dt. Use a MacLaurin series to find f1(0).

20. (a) Estimate cos (%) using a fourth-degree Taylor polynomial.

(b) Find a MacLaurin series for the function g(z) = [ %dt.

21. Determine if the alternating series converges absolutely or converges conditionally.

Justify your answer fully by: (1) name the test and state the conditions needed for the



test you are using, (2) show work for the test that requires some math, and (3) state a

conclusion that explains why the test shows convergence or divergence.
(a) T0, (-1)"
(b) 3oy (=5)7"

22. Determine whether the given series converges or diverges. Make sure that you (1)
name the test and state the conditions needed for the test you are using, (2) show work
for the test that requires some math, and (3) state a conclusion that explains why the test

shows convergence or divergence.
(a) >0, \/%
(b) 02 In(1+ -%) (Hint: Limit Comparison with > >~ | =)
(©) X0ss wam i)
(d) nzyne™™

oo nl(n !
(e) YonZy Mt
(0 5 (22)

2n+1

() fo:l 5.3n—1
(h) S, (1- 4"

23. Find the radius and interval of convergence of each power series below.

(a) °° (*1)"(2;3*4)"

n=1 n

(b) 302 (1= 5)" 2"
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Answers

(b), (d), (g), (i), (1), (n), and (o) are true
(a), (d), (f), (h), (i), (k), and (1) converge
converges when 0 < r <1

(b) and (c) converge absolutely
(a) R=2,1.C. =(-4,0), (b) R=3,1.C. = [-1,-1)
Zk 0( 1i:+jk+l lz| < 41/4
$+ -1 - he - 102+ - 1)
1.6458

z € (—0.9467,0.9467)

(a) and (d) converge conditionally,

: % D heg k(k — 1)kt
. -840

()3Zk0( )kalk—H |CE|< ()Zko T ,zERN

( 1)k k+1

p2k+1

Yoo (D) S 2| < 1
1

.~ 0.743
. Statements (b), (d), (f), and (j) are true.

(b), (¢), (d), (e), (f), (h), (k), and (1) are true

_ 1ot
6
p2k+1

a) 0.966, (b )Zkz 0( ) 22k +2(2k+1)!(2k+1)

)
)
)
) R

a

b

converges conditionally; (b) converges absolutely

, (d), (e), (f), (g), and (h) converge
=1 1C. =[32];(b)R=1,1.C.=(-1,1)
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